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Abstract
We present an empirical model for the halo evolution, global gas dynamics and
chemical evolution of Fornax, the brightest Milky Way (MW) dwarf spheroidal galaxy
(dSph). Assuming a global star formation rate ψ(t) = λ∗(t)[Mg(t)/M⊙]
α consistent
with observations of star formation in nearby galaxies and using the data on Fornax’s
ψ(t), we derive the evolution of the total mass Mg(t) and the rate ∆F (t) of net gas
flow for cold gas in a growing star-forming disk with a time variable λ∗(t). We identify
the onset of the transition in ∆F (t) from a net inflow to a net outflow as the time
tsat at which the Fornax halo became an MW satellite and estimate the evolution of
its total mass Mh(t) at t ≤ tsat using the median halo growth history in the ΛCDM
cosmology and its present mass within the half-light radius derived from observations.
We find that the Fornax halo grew to Mh(tsat) ≈ 1.8 × 109M⊙ at tsat ≈ 4.8 Gyr and
that its subsequent global gas dynamics was dominated by ram-pressure stripping and
tidal interaction with the MW. Then we build a chemical evolution model on a 2-D mass
grid, using supernovae as the enrichment source of the gaseous system. We find that the
key parameter of controlling the element abundances pattern is the supernovae mixing
mass. It is set differently between two types of supernovae and between two phases,
before and after tsat in our model. The choice is determined based on the supernovae
remnant evolution as well as the global gas dynamics. We also find the metal loss in
the outflow dominated phase (t > tsat) is severe, which is empirically implemented in
our model. The data generated from the standard case can explain the observational
data very well, e.g., abundance ratio of α element to Fe as a function of metallicity
[α/Fe] vs. [Fe/H], metallicity evolution as a function of time [E/H] vs. t and metallicity
distribution function (MDF) for Mg, Ca and Fe.
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Chapter 1
Introduction
In the recent decade, equipped with large telescopes and supercomputers, we have
stepped into a brand new era of galaxy formation and evolution studies. At the same
time, hallmarks on stellar nucleosysnthesis has been well established in the past few
years. And one of the linkages between the galactic and stellar scale physics is the
chemical abundance information of stars. Served as archaeological fossils, stars record
the galactic environmental information of their birth sites. Therefore, by studying the
chemical information of stars with different ages in a particular galaxy would give you
some hints of its formation and evolution history. Here, we choose to look into nearby
dwarf spheroidal galaxies (dSphs).
Dwarf galaxies are believed to be the building blocks of larger galaxies, like spirals
and ellipticals based on the hierarchical structure formation theory. Therefore, under-
standing how dwarf galaxies evolve is crucial to unraveling the formation and evolution
of bigger galaxies such as the Milky Way. And unlike large galaxies, there is no major
merger event happened on dwarfs so far. Thus, they almost keep intact from outside
throughout their histories, which makes them the perfect laboratory to track all kinds of
physical mechanism in galactic scales. Whereas in large galaxies, all these information
has been washed out during frequent merger events.
1
2Extensive studies have been done on local dSphs both from observations and simu-
lations. Star formation histories (SFHs) have been derived from comparison of observed
and synthetic color-magnitude diagrams. Individual stars have been resolved by spec-
troscopy with large-aperture telescopes. Deep photometric and high-resolution spec-
troscopic studies have produced abundances of e.g., Mg, Si, Ca, Ti, and Fe along with
ages for individual stars in nearby dSphs. In the meantime, there has been remarkable
progress in simulations of galaxy formation, with more and more sophisticated numeri-
cal implementation to follow dark matter and baryons simultaneously. A large amount
of effort has been directed towards incorporating star formation and various channels of
its feedback. With all the new data and tools, we are nonetheless still at the first stage
to understand chemical evolution of dwarf galaxies.
We use the brightest satellite galaxy, Fornax dSph as our target system. In order to
construct a realistic chemical evolution history, we need to understand its galaxy forma-
tion and evolution history using simulatonal tools, as we mentioned above. Specifically,
an in-depth study of the halo evolution and the associated gas dynamics of a dSph would
require simulations that incorporate hierarchical structure formation in the ΛCDM cos-
mology and treat a wide range of physical processes, such as gas accretion by the hosting
halo before and after reionization of the universe, cooling and condensation of gas to
form stars, conversion of cold into hot gas by radiation and supernova (SN) explosion,
and gas expulsion from the halo. Our approach here is empirical and phenomenological.
We infer the gas dynamics directly from the observed SFH of Fornax.
Based on the gas dynamics of Fornax, We build its chemical evolution model and
compare with the elemental abundance data. Observations strongly indicate that the
chemical enrichment in Fornax dSphs remains inhomogeneous until the end of its SFH
despite of the small size. Using supernova nucleosyntheis yields as input, we numeri-
cally simulated stochastic and inhomogeneous mixing of newly-synthesized elements by
supernovae on a 2-D disk system. By comparing with the abundance pattern in Fornax,
we found that the mixing depends on large-scale gas flows, the clumpy structure of the
3ISM, and the differences between environments of core-collapse and Type Ia supernovae.
In this thesis, We will discuss how we achieve all above goals step by step. This
paper is organized as follows:
• Chapter 2, We gives a brief review on theoretical and empirical SFLs and then
discuss the SFL in Fornax dSph.
• Chapter 3, Based on the SFL from §2, we infer the gas mass and gas flow from
SFH in Fornax dSph.
• Chapter 4, We find a candidate halo model for Fornax dSph, according to its gas
dynamics from §3.
• Chapter 5, We describe the global gas dynamics in the satellite phase of Fornax.
• Chapter 6, We explore SNe yields table and illustrate SNe remnants evolution.
• Chapter 7, We describe how the chemical evolution model of Fornax dSph is
constrcuted.
• Chapter 8, Our conclusion is given .
Chapter 2
Star Formation Laws
The central role to our empirical approach of constructing the gas dynamics for dSphs is
the SFL relating the SFR to gas properties. Therefore, we start with a brief discussion
of theoretical and empirical SFLs (see e.g., [1, 2] for comprehensive reviews).
2.1 Theoretical SFLs
Star formation is most directly associated with molecular gas from observations [3] [4]
using variety of molecular tracers. Theoretically, there are two approaches to interpret
this relation [5]. One is called the Schmidt law picture. For a cloud with a total mass
Mmol of molecular gas (predominantly consisting of H2 molecules and the associated He
atoms), a theoretical estimate of the SFR (e.g., [6]) is
dM∗
dt
= ǫff
Mmol
tff
, (2.1)
where M∗ is the mass of stars formed,
tff ≡
√
3π
32Gρmol
(2.2)
is the free-fall time (see derivation in Appendix C) at the density ρmol of the molecular
gas, G is the gravitational constant, and ǫff is the fraction of the molecular gas turned
4
5into stars during one free-fall time. From observations, we can only directly measure
the surface SFR ΣSFR as well as surface gas density Σg. In a disk-like galaxy with
scale-hight H, ρg ∼ Σg/H, we can rewrite Eq. (2.1) as
ΣSFR = ǫff
√
32G
3πH (fH2Σg)
1.5, (2.3)
where fH2 is the fraction of H mass in H2 molecules. In Schmidt law picture, high SFRs
are purely the consequence of high gas densities of SF regions. In an alternative picture
we discuss below, SFR linearly scales with the molecular gas density and the inverse of
dynamic time scale.
ΣSFR = ǫff
fH2Σg
tdyn
. (2.4)
Under this scenario, high SFRs are the results of the short dynamical timescales, which
reflect the small physical scales of the SF regions. Both approaches offer equally valid
parametrization of SFR from different studies shown in the next section. And ǫff is
universally close to 10−2 from different observation studies, which can be understood
by the analytic turbulence model proposed by [7] and the simulations of star forming
galaxies considering stellar feedbacks §§2.4.
2.2 Empirical SFLs
Both Eqs. (2.3) and (2.4) can be applied to individual star-forming regions and in
the disk-averaged form, to individual galaxies (see review by [2]). For illustration, we
compare them with two observational results below.
Based on the observations of 61 normal spiral galaxies and 36 starburst galaxies,
there is a tight correlation between ΣSFR and Σg found by [5], both of which are av-
eraged over the disk of an individual galaxy. The data analyzed is obtained form the
measurements of Hα, HI far-inferred and CO distributions. Here, we briefly summarize
the physical mechanisms of these measurements [1].
6Hα emission line is emitted when hydrogen electron transit from high to low excited
energy state n=3→2. Since the energy required to ionize H atom is almost the same as
the energy to excite the atom n=1→3. Ionized H would recombine and decay to n=2
half of the time, which emits Hα line. Thus Hα line is the direct indicator of ionized H
atoms. In a star forming region, massive yong stars are surrounded by the ionized gas.
These lines can be served as the tracer of stars with masses greater than ∼15 M⊙, with
the peak contribution from stars in the range 30∼40 M⊙. Therefore Hα luminosity is a
nearly instantaneous measurement of the SFR. The major pitfall of Hα measurement is
dust attenuation, especially in high gas density galaxies. In those galaxies, the starburst
ones can be measured using FIR, since the IR luminosity is also dominated by the young
stars [1].
The gas tracer in this study is the commonly used 21 cm line for atomic HI and CO
emission line for molecular H. 21 cm line comes from the splitting of hyperfine levels of
hydrogen in the 1s ground state, which is due to the interaction between electron spin
and proton spin. As for the molecular form of hydrogen, people usually can not detect
H2 directly. Because of the low mass of H2, the rotational transitions requires quite
high temperatures to excite, which makes the detection of H2 impossible. Instead, CO
is the most commonly used tracer to measure the mass of cloud. With some conversion
factor, which differs as a factor of 3 in MW, we are able to estimate the number density
of H2 [1].
The observational results from [5] are straightforward, shown as the global SFL
ΣSFR
M⊙ yr−1 kpc
−2 = (2.5 ± 0.7) × 10−4
(
Σg
M⊙ pc−2
)1.4±0.15
, (2.5)
where Σg ranges from ∼ 10 to 104M⊙ pc−2 for the galaxies used. Following the alterna-
tive prescription, they also got equally tight relationship between ΣSFR and Σgas/τdyn.
ΣSFR
M⊙ yr−1 kpc
−2 = 1.7× 10−2
(
Σg
M⊙ pc−2
)(
yr
τdyn
)
, (2.6)
where τdyn is the dynamic timescale taken to be the orbit time at half of the outer radius
7of the star-forming disk, and ranges from ∼ 107 to ∼ 108 yr.
A more recent observational study with better resolution focusing on nearby galaxies
give us similar results [8]. From their analysis, the estimation of ΣHI uses the high-
resolution, high-sensitivity HI data from THINGS. The derivation of ΣH2 come from two
sources. HERACLES and BIMA SONG produces maps of CO J=2→1 and CO J=1→0
transition in defferent ΣH2 regimes, respectively. ΣSFR is estimated by combining FUV
data from NGS and 24 µm data from SINGS.
Based on observations of seven nearby spiral galaxies resolved to 750 pc, they found
that over the range of ΣH ∼ 1–102M⊙ pc−2 for the net surface mass density of H atoms
and H2 molecules in star-forming regions, ΣSFR can be described by [8]
ΣSFR
M⊙ yr−1 kpc
−2 = 10
−2.39±0.28
(
ΣH
10M⊙ pc−2
)1.85±0.70
. (2.7)
In the alternative picture,
ΣSFR
M⊙ yr−1 kpc
−2 = 10
−2.1±0.2
(
ΣH2
10M⊙ pc−2
)1.0±0.2
, (2.8)
The above SFL covers ΣH2 ∼ 3–50M⊙ pc−2. Both parametrization methods shown
as Eq. (2.5) and Eq. (2.6) offer us tools to describe SFR without the first principle
calculation of star formation. Here we show how the empirical relation correlates to
the theoreticle formulation. Consider the limit of Σg & 10
2M⊙ pc
−2, for which gas
predominantly consists of H2 molecules [7] and Eq. (2.3) can be applied to give
ΣSFR
M⊙ yr−1 kpc
−2 ∼ 1.2 × 10−4
( ǫff
10−2
)(100 pc
H
)0.5( Σg
M⊙ pc−2
)1.5
, (2.9)
which is in good agreement with Eq. (2.5) for ǫff ∼ 10−2 and disk scale-heights of
H ∼ 100 pc. A similar argument was used by [5] to explain qualitatively the power-law
form of Eq. (2.5).
82.3 SFL in Fornax dSph
As our goal is to gain some understanding of the overall picture for halo evolution
and gas dynamics of Fornax, we are interested in the relation of its global SFR to its
properties on the galactic scale. While we recognize the important role of molecular gas
in star formation, our simple approach here will focus on the net cold gas in atomic and
molecular forms, which dominates the total gas mass in the star-forming disk. [8] found
that over the range of ΣH ∼ 1–102M⊙ pc−2 for the net surface mass density of H atoms
and H2 molecules in star-forming regions, ΣSFR can be described by 2.7. In addition,
the Kennicutt-Schmidt law in Eq. (2.5) describes the global ΣSFR for individual galaxies
with Σg ∼ 10–104M⊙ pc−2. This law and Eq. (2.7) cover a common range of Σg ∼ 10–
102M⊙ pc
−2. Within their uncertainties, they are also in agreement over this range.
Guided by the above empirical results, we assume that the global SFR ψ(t) in Fornax
is related to the total mass Mg(t) of gas in its star-forming disk as
ψ(t) =
dM∗
dt
= λ∗
[
Mg(t)
M⊙
]α
(2.10)
where λ∗ is a rate constant. The underlying assumption is that the effective area Adisc of
Fornax’s star-forming disk stayed approximately constant over its SFH. I will consider
the growth of disk in §4. Here, for the simplest case, I can interpret Eq. (2.10) in terms
of the empirical SFLs in Eqs. (2.5) and (2.7) as
ΣSFR(t)
M⊙ yr−1 kpc
−2 =
λ∗
101−8αM⊙ yr−1
(
Adisc
10 kpc2
)α−1 [ Σg(t)
10M⊙ pc−2
]α
. (2.11)
The above equation has the same form as Eqs. (2.5) and (2.7), which allows us to
estimate α and λ∗. We will examine cases of α = 1.5 and 2, which closely represent
Eqs. (2.5) and (2.7), respectively. As the majority of stars in the present-day Fornax are
distributed within a region of r∗ ∼ 2 kpc in radius [9], we take Adisc ∼ πr2∗ ∼ 10 kpc2
and estimate λ∗ ∼ 10−2−8αM⊙ yr−1. We will provide another justification for the choice
of λ∗ and examine the assumed approximate constancy of Adisc in §3. Uncertainties in
Eq. (2.7) allow consideration of α = 1, for which the estimate of λ∗ ∼ 10−10M⊙ yr−1
9does not depend on Adisc [see Eq. (2.11)]. In this case, λ∗ is simply the rate of gas
consumption by star formation. We will examine this case as well.
2.4 Simulations of Star Forming Galaxies
In order to build a realistic star forming galaxy, we need to invsetgate each physical
process and put them under the cosmological background. Unfortunately, almost every
piece of these subgrid physics is unclear and lots of efforts have been put into the
development the subgrid physics routine either from empirical semi analytic model or
simulations based on some assumptions. In this section, we illustrated some commenly
used approach of implementing star formation and stellar feedback as subgrid recipes.
One way to treat star formation in modeling galaxies is to use Eq. (2.1) or its
equivalent, Eq. (2.3). In either case, estimates of fH2 are required. For systems with
sufficiently high SFRs, fH2 depends on Σg, the metallicity, and the clumpiness of gas [10].
For systems with very low SFRs, fH2 also depends on ΣSFR [11]. Incorporating all the
above dependences of fH2 , [11] showed that Eq. (2.3) provides a good description of the
data on star formation for conditions ranging from poor to rich in molecular gas.
However, many simulations of galaxy formation do not evaluate fH2 in implementing
Eq. (2.1) or (2.3) for star formation (see e.g., the review by [12]). Instead, stars are
assumed to form when gas has cooled below some temperature Tmax and condensed
to some threshold number density of atoms nmin. For example, [13] chose Tmax =
1.5 × 104 K and nmin = 0.1 cm−3. For a region with a total mass Mg of the gas
that satisfies the conditions and has a dynamic timescale tdyn ∝ (Gρg)−1/2, stars were
assumed to form stochastically at a rate
dM∗
dt
= 0.05
Mg
tdyn
. (2.12)
In comparing the above equation with Eq. (2.1), Mg is a proxy for Mmol while the
numerical coefficient and tdyn play the roles of ǫff and tff , respectively. More recent
10
simulations of [14] adopted Tmax = 10
4 K, nmin = 10
2 cm−3, and an SFR per unit
volume
dρ∗
dt
= 0.1
ρg
tdyn
, (2.13)
where ρ∗ is the density of stars formed. The above SFL is qualitatively the same as
Eq. (2.12).
After the first generation of stars were born, immediately, we need to consider all
the influence they would bring to the system. Here, we only show one example about
how different channels of stellar feedback mechanisms are treated reasonably and consis-
tently in a galactic scale of system by [15] [16] [17], which can match with observations
very well. Their model can explain the KS (Kenicutt-Schimdt) relation as well as the
low SF efficiency ǫff ≈ 10−2 [5] [8]. The high resolution ∼1pc of their simulations makes
it possible to partially resolve the multi-phase ISM structure, which is highly inhomo-
geneous after considering stellar feedbacks. They devide the gas into three traditional
phases: cold atomic+ molecular gas (T<2000K n>1 cm−3), warm ionzed gas (2000K<
T < 4×105K, n∼ 0.01- 1 cm−3) and hot gas (T> 4×105K, n<0.01 cm−3) [16]. Gas gets
cooled and collapse into Giant molecular clouds (GMCs), where star formation happens.
And the subsequent stellar feedback would easily disperse GMCs. The formation and
dispersal of GMCs reaches a dynamical steady state. And the consequence is that the
amount of cold desnse gas which allow star formation is always limited. Star formation
efficiency ǫff is very low, which naturally satisfies the KS laws. We follow this picture
as the underlying assumptions of our gas dynamics and chemical evolution model for
Fornax dSph.
In order to achieve this picture universally, they evaluate the effect of different
feedback mechanism in different galaxy, where average gas density plays a key role.
The cooling function Λ(104K) ≈ 10−23erg cm3s−1, thus the cooling timescale τcool =
kT/nΛ(T ) ≈3000(T/104K)(1 cm−3/n)yr varies in different density regions. In low den-
sity system 〈n〉 < 0.1cm−3, cooling time takes as long as the dynamical timescale ∼
11
Myr [15]. The energy deposited feedbacks are the most important source, which is the
heating by photoionization, stellar winds and supernovae. Whereas in high density sys-
tems e.g. n =100cm−3, cooling takes much shorter time ∼yr, and the deposited energy
is easily radiated away. In this case, the momentum deposition becomes the dominant
stellar feedback echanism, which come from radiation pressure, supernovae and stel-
lar winds. The momentum injected into the surrounding gas drives turbulence which
is the key process to disrupt GMCs. From their results, all the feedback mechanisms
contribute comparably to MW model, which makes it difficult to distringuish the effect
of each. And dwarf galaxies fall into the low density systems, in which the energy de-
posited feeback plays the dominant role. And out of all, supernovae shock-heating is
the key one. It is another advantage to study dwarf galaxy since they are sensitive to a
specific feedback channel.
Chapter 3
Gas Mass and Net Gas Flow of
Fornax
We now estimate Mg(t) from the data on Fornax’s ψ(t) [9]. The data are binned across
13.75 Gyr and give the average SFR for each time bin. As discussed in Appendix B,
we obtain a smooth ψ(t) using a quadratic-spline fit that conserves the total number of
stars formed in each bin and guarantees the continuity of ψ(t) and dψ/dt. The smooth
ψ(t) is shown along with the data in Fig. 3.1. By choosing an appropriate λ∗, we obtain
from Eq. (2.10)
Mg(t)
M⊙
=
[
ψ(t)
λ∗
]1/α
. (3.1)
As discussed in §2, comparison of our assumed SFL with empirical results gives an
estimate of λ∗ ∼ 10−2−8αM⊙ yr−1. The choice of λ∗ is further justified by comparing
the corresponding Mg(t) with results from simulations of gas accretion by halos in a
reionized universe. And then, in a more realistic picture, I treat λ∗(t) as a function of
time, considering the growth of star forming disk §4.
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Figure 3.1: Data (filled circles with error bars) on Fornax’s global star formation rate
ψ as a function of time t since the big bang [9]. The data are binned according to time
(converted from stellar age) and the horizontal error bar represents the size of each time
bin. A quadratic-spline fit to the data (see Appendix B) is shown as the solid curve.
We take the centroid of the first time bin at t ≈ 0.29 Gyr as the onset and t ≈ 13.6 Gyr
given by the fit as the end of star formation in Fornax.
3.1 Baseline Case
We first discuss our baseline case of α = 1.5 and λ∗ = 10
−14M⊙ yr
−1. The correspond-
ing Mg(t) calculated from Eq. (3.1) is shown as the solid curve in Fig. 3.2.
The evolution of Mg(t) can be related to that of the halo hosting Fornax. andMg(t)
increases all the way until t∼ 5 Gyr, then begins to decrease towards the end of SFH.
I suggest that it is around the time when Fornax stopped evolving independently and
became a MW satellite. I seek to identify tsat from the evolution of the net gas flow
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Figure 3.2: Total mass Mg for cold gas in Fornax’s star-forming disk as a function of
time t derived from Eq. (3.1) and the smooth ψ(t) shown in Fig. 3.1. The solid curve is
for the baseline case of α = 1.5 and λ∗ = 10
−14M⊙ yr
−1. The dashed and dot-dashed
curves are for the same α but different values of λ∗ = 5× 10−15 and 2× 10−14M⊙ yr−1,
respectively. Note that all curves reach Mg = 0 at t ≈ 13.6 Gyr, the end of star
formation in Fornax.
rate
∆F (t) ≡ dMg
dt
+ ψ(t). (3.2)
A net inflow onto or outflow from the star-forming disk of Fornax corresponds to
∆F (t) > 0 or ∆F (t) < 0, respectively. I expect that the net gas inflow would stop at
t ∼ tsat.
I show the ∆F (t) calculated from Eq. (3.2) for the baseline case as the solid curve in
Fig. 3.3. It can be seen that ∆F (t) > 0 for t < 6 Gyr. The accretion of gas was expected
from the rapid early growth typical of a halo. When the halo became an MW satellite,
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its hot gas was lost through ram-pressure stripping and tidal interaction [18]; see also
§5. The diminishing source for gas inflow caused the decline of ∆F from t ≈ 4.8 Gyr
to 6 Gyr. Based on the above discussion, I take the onset of the decline of ∆F at
t ≈ 4.8 Gyr as the time at which Fornax became an MW satellite, i.e., tsat ≈ 4.8 Gyr.
3.2 Other Cases
For other cases of α = 1.5, we vary λ∗ by a factor of 2 from the value for the baseline
case and show the results on Mg(t), ∆F (t) as the dashed (λ∗ = 5×10−15M⊙ yr−1) and
dot-dashed (λ∗ = 2 × 10−14M⊙ yr−1) curves in Figs. 3.2, 3.3, and 4.1, respectively.It
can be seen from Fig. 3.3 that the onset of the decline of ∆F at t ≈ 4.8 Gyr are not
affected by this variation of λ∗. Therefore, we again obtain tsat ≈ 4.8 Gyr,
For cases of α = 1 and 2, we choose λ∗ to obtain the same Mg at t ≈ 4.8 Gyr as
the baseline case. This gives λ∗ = 7 × 10−11 and 1.4 × 10−18M⊙ yr−1 for α = 1 and
2, respectively. These values are consistent with estimates based on empirical SFLs as
discussed in §2. For convenience, we refer to the above cases of α = 1 and 2 as cases 1
and 2, respectively. The corresponding results onMg(t), ∆F (t) are shown as the dashed
(case 1) and dot-dashed (case 2) curves in Figs. 3.4, 3.5, respectively. The solid curves
in these figures show the baseline case for comparison. It can be seen that the results
for all three cases are rather similar. In particular, for all these cases, tsat ≈ 4.8 Gyr (see
Fig. 3.5), Therefore, we consider that our results onMg(t), ∆F (t), tsat are insensitive to
the exact form of our assumed SFL so long as it is consistent with the empirical SFLs
discussed in §2.
3.3 Effects of Uncertainties in Fornax’s SFH
Fornax’s SFH as derived from observations [9] is affected by uncertainties in both the
stellar age and the SFR. The age uncertainties are approximately taken into account by
using appropriate time bins, the widths of which range from 0.25 Gyr for the youngest
16
stars to 1 Gyr for the oldest. The 1σ uncertainty in the average SFR for each bin is
shown in Fig. 3.1. Our quadratic-spline fit of ψ(t) conserves the total number of stars
formed in each bin, and therefore, is affected by uncertainties in the average SFR. The
results presented in §§3.1 and 3.2 are calculated from ψ(t) fitted to the mean of the
average SFR in each bin (filled circles in Fig. 3.1). Below we estimate how these results
are affected by the uncertainties in the average SFR.
We assume that the average SFR for each time bin follows a Gaussian distribution
with the standard deviation specified by the corresponding 1σ uncertainty. We make a
Monte Carlo realization of the data by sampling the average SFR for each bin according
to the relevant Gaussian distribution. We then obtain a quadratic-spline fit to the
realization (see Appendix B) and use the fitted ψ(t) to calculate Mg(t) and ∆F (t) from
Eqs. (3.1) and (3.2), respectively, for the baseline case and cases 1 and 2. A total of 103
Monte Carlo realizations are carried out for each case. The 68% confidence interval for
∆F (t) in each case is shown in Fig. 3.6 along with the corresponding ∆F (t) presented
in §3.1 or 3.2. It can be seen that the mean trend of ∆F (t) is rather well defined and
similar for all of the three cases. In particular, for the baseline case, the 68% confidence
interval for ∆F (t) resembles the range due to variation of λ∗ by a factor of 2 (see
Fig. 3.3). Therefore, we do not consider that uncertainties in Fornax’s SFH affect our
results significantly.
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Figure 3.3: Rate ∆F of net gas flow to or from Fornax’s star-forming disk as a function
of time t estimated from Eq. (3.2) and the results shown in Figs. 3.1 and 3.2. A net
inflow or outflow corresponds to ∆F > 0 and < 0, respectively. The solid curve is for
the baseline case of α = 1.5 and λ∗ = 10
−14M⊙ yr
−1. The dashed and dot-dashed
curves are for the same α but different values of λ∗ = 5× 10−15 and 2× 10−14M⊙ yr−1,
respectively. Note that all curves show similar features. Specifically, they have the same
dip at t ≈ 1.8 Gyr, which indicates the effect of reionization, and the same onset at
t ≈ 4.8 Gyr for transition from a net inflow to a net outflow, which indicates effects
from Fornax’s becoming an MW satellite. See text for details.
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Figure 3.4: Same as Fig. 3.2 but for comparison of the baseline case (α = 1.5 and
λ∗ = 10
−14M⊙ yr
−1; solid curve) with cases 1 (α = 1 and λ∗ = 7 × 10−11M⊙ yr−1;
dashed curve) and 2 (α = 2 and λ∗ = 1.4 × 10−18M⊙ yr−1; dot-dashed curve). Note
that values of λ∗ for cases 1 and 2 are chosen to give the sameMg(tsat) at tsat ≈ 4.8 Gyr
as in the baseline case.
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Figure 3.5: Same as Fig. 3.3 but for comparison of the baseline case (α = 1.5 and
λ∗ = 10
−14M⊙ yr
−1; solid curve) with cases 1 (α = 1 and λ∗ = 7 × 10−11M⊙ yr−1;
dashed curve) and 2 (α = 2 and λ∗ = 1.4 × 10−18M⊙ yr−1; dot-dashed curve). Note
that all curves show similar features with the same dip at t ≈ 1.8 Gyr and the same
onset at t ≈ 4.8 Gyr for transition from a net inflow to a net outflow.
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Figure 3.6: Uncertainties in the rate of net gas flow ∆F (t) in (a) the baseline case
(α = 1.5 and λ∗ = 10
−14M⊙ yr
−1), (b) case 1 (α = 1 and λ∗ = 7 × 10−11M⊙ yr−1),
and (c) case 2 (α = 2 and λ∗ = 1.4× 10−18M⊙ yr−1). For each case, the shaded region
indicates the 95% confidence interval for ∆F (t) based on 103 Monte Carlo realizations of
the data on ψ(t) shown in Fig. 3.1. The curves are the same as those shown in Fig. 3.5,
and are calculated from the mean values of ψ(t) shown as filled circles in Fig. 3.1. Note
that the overall trend of ∆F (t) is rather robust and similar in all cases.
Chapter 4
Dark Matter Halo Evolution and
Gas Content from Simulations
In this chapter, our goal is to find a candidate halo which is suitable to host Fornax
dSph based on the gas dynamics discussed in §3. Combining the gas mass evolution
and the mean dark matter halo growth history [19] of the candidate halo, the baryonic
to dark matter ratio can be tracked and compared with simulations [20], which puts
another constrains on the choice of λ∗. Beyond that, we build a more realistic picture of
the galaxy formation of Fornax dSph, assuming a growing star forming disk according
to its halo growth history.
4.1 Candidate Halo for Fornax dSph
From last chapter, we infer Mg and ∆F from SFR, and obtain generic features of both
curves, using variety forms of Schmidt law with constant λ∗. We will validate the choice
of λ∗ from the point of view based on the host halo growth history [19] in this section.
We try to find a halo candidate for Fornax which can match with the half light mass
observations [21]. And then we use cosmological simulation results [20] to estimate the
gas content according to its evolution history.
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In the first step, the hint from the gas dynamics of Fornax is the key to identify the
host halo. We already suggest that the infall time is tsat ≈ 4.8 Gyr. Our strategy is
tracking the mean growth history of halos with different masses collapsing at tsat. Out
of all the halo profiles, we are aiming to find a candidate, which can satisfies the half
light mass criteria.
The major tool we used here is the mean halo growth histories of different halos [19].
They are extracted from ΛCDM simulations and demonstrated to be a realistic simpli-
fication of halo evolution. Zhao et al [19] found that δc(z), the critical overdensity for
spherical collapse is an equivalent parameter of time; and σM , the rms of the linear den-
sity filed on mass scale M can be used as the parameter of the halo mass. A universal
relation can be found between these two quantities, using a large set of N-body simu-
lations of various structure formation models. And then they are able to statistically
obtain the mean growth history of a halo with certain mass collapsing at a specific time.
Since the mean mass accretion model depends on the cosmological settings. we
need to specify the parameters of the cosmology and of the initial density fluctuation
spectrum. Throughout this paper, we adopt h = 0.69, Ωm = 0.29 (ΩCDM = 0.243,
Ωb = 0.047), and ΩΛ = 0.71. In calculating the growth of a halo, we use a primordial
power spectrum with a spectral index ns = 0.96 and the transfer function of [22] with a
present temperature of 2.726 K for the cosmic microwave background to obtain the linear
power spectrum, the amplitude of which is fixed by σ8 = 0.82. The above cosmological
parameters are consistent with the final analysis of the WMAP experiment [23].
For our purpose of finding a reasonable halo mass evolution history for Fornax, we
need to specify its mass at certain redshift. As discussed in Appendix C, we made variety
of trials of different dark matter halo mass Mh(tsat) at tsat, and select the appropriate
one to obtain a mass M(< r1/2) = 7.39
+0.41
−0.36 × 107M⊙ enclosed within the half-light
radius r1/2 = 944 ± 53 pc as derived from observations [21]. We find the halo with
Mh(tsat) ≈ 1.8 × 109M⊙ satisfies the condition.
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4.2 Gas Content in the Candidate Halo
After fixing the candidate halo for Fornax, we are able to move onto the next step:
Estimation the gas content as a function of time in the halo, which is characterized by the
parameter fb(t) =Mg(t)/Mh(t). Extensive studies have been done on the prediction of
fb(t) from ΛCDM simulations combined with variety of gas physics. The main feedback
process we need to consider in pre-satellite epoch is reionization. We need to address
that we do not consider the effect of SN feedback in this phase. More specifically,
we assume that it has negligible influence on the gas budget although it very possibly
brings lots of turbulence into the ISM. Because the system is dominated by inflow
gas ∆F > 0, it is hard to find outlet for gas outflows. Whereas reionization is the
controlling factor of the gas amount in the host halo in this phase. Basically, it is
an UV background produced by the first bunch of quasars and stars in the universe.
And the consequence is suppression or quenching SF in small galaxies by photoheating
their gas, which gets too hot to be contained in their shallow potential wells. Such
process happened very early and completed z ∼ 10 in MW. After the local group is fully
ionized, nearby small galaxies are harder to accrete gas. Busha et al [24] use the high-
resolution Lactea II simulations combined with the LasDamas Collaboration to obtain
the reionization history of MW and its satellites halos. They find that halos with Tvir
larger than 8 × 103 K can cool gas efficiently before reionization begins. After that,
gas is heated to a few times 104 K, which quenches SF. Only these halos have sufficient
large mass, corresponding to Tvir = 10
5K are able to accrete the photoionized gas, at
which temperature these gas could be viralized and eventually cooled through variety
of channels. By varying reionization time in the reasonable range of MW, they are able
to match the satellite number with the observations which solves the missing satellite
problem, as well as matching their vmax distribution, radial distribution, and etc.
Busha et al’s work shows the importance of reionization in building a realistic galaxy
formation picture. Beyond that, Okamoto et al similarly reconstructed the reionized
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universe and predict baryonic to dark matter ratio for different halos at any given
redshift [20]. Using more sophisticated gas accretion model, halos below the mass
limit set by [24] may also be able to accrete some gas. It is widely accepted that an
universal criteria of gas accretion is that T > Tvir, where T, as the temperature of IGM,
depends on ρ. It remains to be an important question that at which density we should
evaluate T. From previous studies, the two common choices are (i) ρ = 〈ρ〉 and (ii)
ρ = 1000〈ρ〉. Okamoto et al calculated the gas density roughly as ρvir/3 at the edge
of the halo (at Rvir) from simulations. The criteria that gas will be prevented from
accretion is Teq(ρvir/3) > Tvir. Therefore, Tvir is calculated from halo growth history,
which depends on halo mass and redshift. They also consider gas evaporation process in
the model: After relaxation, the system gets thermal equilibrium, and each particle has
the same temperature. Thus, the speed of some low mass members can be greater than
the escape velocity of the cluster v =
√
2kT/m, which results in these members being
lost to the cluster. Therefore, the gas content within the galaxy at the current timestep
is the sum of the newly accreted gas and the gas from last timestep after taking out
the amount which gets evaporated. From their simulation results, they showed that at
t > treion, the baryonic mass fractions for halos of mass M are distributed around the
mean value
f¯b(M, t) = 〈fb〉{1 + (22/3 − 1)[Mc(t)/M ]2}−3/2, (4.1)
whereMc(t) is a characteristic halo mass determined from their simulations and is shown
as the dashed curve in fig. 〈fb〉 ≡ Ωb/(ΩCDM + Ωb) ≈ 0.16 is the cosmic mean mass
fraction of baryons, and ΩCDM = 0.243 and Ωb = 0.047 are the fractional contributions
to the critical density of the present universe from CDM and baryons, respectively. The
above equation gives f¯b = 〈fb〉/2 for M =Mc(t) and f¯b = 〈fb〉 in the limit M ≫Mc(t).
We now compare our results on Mg(t) and Mh(t) at t < tsat with simulations of gas
accretion by halos in a reionized universe. Fig. 4.1 shows that compared to this case,
the agreement between fg and f¯b for 1.8 . t . 4.8 Gyr is slightly improved to within
a factor of ∼ 1.5 for λ∗ = 2 × 10−14M⊙ yr−1 and somewhat worsened to within a
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factor of ∼ 3 for λ∗ = 5× 10−15M⊙ yr−1. Based on the above results, we consider that
λ∗ = (0.5–2) × 10−14M⊙ yr−1 is reasonable for α = 1.5 with the baseline case being
representative.
In comparing the fg(t) and f¯b(t) shown in Fig. 4.1, we note that [20] assumed a
reionization redshift of z = 9 corresponding to t = 0.55 Gyr. A more careful comparison
needs us to fix the reionization redshift in Fornax dSph. We also note that this agreement
between fg and f¯b is not affected by adding the contribution of stars to fg as the mass
of stars is always significantly smaller than that of gas for t . 4.8 Gyr. Therefore, we
consider that our choice of λ∗ = 10
−14M⊙ yr
−1 for the baseline case is reasonable.
4.3 Growth of Star Forming Disk
After the evaluation of λ∗ from the comparisons of fb from simulations, We are able
to move on to a more realistic picture by taking account in the growth of star forming
disk. Before Fornax becomes the satellite of MW, its halo keeps growing as well as the
star forming disk.
We use the disk growth model by [25] , they studied the formation of galactic
disks based on several simple assumptions, and the results can match observations
from many aspects naturally. The key assumption is that all discs have masses and
angular momenta with fixed fractions of those of their halos, which is characterized by
two parameters, md, jd respectively. In a singular isothermal sphere model, the disk
size can be represented as
rd =
1√
2
(
jd
md
)
λrvir, (4.2)
λ is the spin parameter of the halo. As we can tell, for a halo with fixed md, jd and λ,
the disc size simply scales with the viral radius. (see detail derivation is in AppendixC).
As for NFW profile,
r
d
=
1√
2
(
jd
md
)
λrhf
−1/2
c fR(λ, c,md, jd) (4.3)
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where both fc and fR weakly depends on c, which changes with time (AppendixC).
Thus, we reach the conclusion that in NFW density profile, the growth of disc also
approximately scales with the virial radius.
We study the case of α = 1.5. According to Eq. (2.11), λ∗ ∝ A−0.5disc ∝ r−1d . We set
λ∗(tsat) = λ∗,0 = 10
−14M⊙ yr
−1, thus before tsat, λ∗(t) evolves as
λ∗(t) = λ∗,0
rd(tsat)
rd(t)
= λ∗,0
rvir(tsat)
rvir(t)
(4.4)
After tsat, Fornax falls into MW potential well. The halo outskirt loses dark matter
to MW, whereas the inner part almost keeps intact. Thus I assume that the star forming
region remains the same afterwards. Now we are able to recalculate Mg, ∆F and fg
as a function of time. The major difference is the suppression of the gas mass before
tsat, due to a larger time dependent λ∗(t). It is a more reasonable scenario as we see a
growing curve of gas mass from Mg(ts) ≈ 0 in the upper panel of Fig.4.3 rather than
Mg(tini) ≈ 2 × 107M⊙ with the constant λ∗ case in Fig.3.2. Similarly, fg is closer to
the predicted f¯b from Fig. 4.4. In order to build a more realistic gas model, we fixed
fg = 0.16 if it shoots over the cosmic mean value at the very beginning, shown in the
lower panel of Fig.4.3. Such treatment produced a small spike around t ≈0.5 Gyr in
∆F , as shown in the lower panel of4.4. This feature is artificial and only changes ∆F
at the very early time of SFH, when the age resolution is coarse (1 Gyr). Thus it causes
negligible effect on our model.
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Figure 4.1: Fornax’s gas mass fraction fg = Mg/Mh as a function of time t before it
became an MW satellite at tsat ≈ 4.8 Gyr [dashed, solid, and dot-dashed curves for
α = 1.5 and λ∗ = 5×10−15, 10−14 (baseline case), and 2×10−14M⊙ yr−1, respectively].
For each case, the shaded region indicates the 95% confidence interval for ∆F (t) based
on 103 Monte Carlo realizations of the data on ψ(t) shown in Fig. 3.1. The dotted curve
shows the mean baryon mass fraction f¯b(t) calculated from Eq. (4.1) for Fornax-like
halos in a universe reionized at z = 9 (t ≈ 0.55 Gyr). The vertical dotted line indicates
the upper bound on the approximated reionization time treion ≈ 1.8 Gyr in the local
group. The agreement to within a factor of ∼ 3 between fg(t) and f¯b(t) for t ≈ 1.8–
4.8 Gyr justifies the range of λ∗ for α = 1.5. The horizontal dotted line indicates the
cosmic mean mass fraction of baryons 〈fb〉.
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Figure 4.2: The same notation as Fig. 4.1. Fornax’s gas mass fraction fg = Mg/Mh as
a function of t in a growing star-forming disk model with SFH uncertainty.
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Figure 4.3: Fornax’s gas mass Mg as a function of t in a growing star-forming disk
model with SFH uncertainty. The upper panel shows the direct derivation of Mg from
Eq. 3.1.The lower panel shows the case with artificial cut of fb = 0.16, see detail in
text.
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Figure 4.4: The same notation as Fig. 4.3. Fornax’s net gas flow ∆F as a function
of t in a growing star-forming disk model with SFH uncertainty and artificial cut of
fb = 0.16.
Chapter 5
Global Gas Dynamics and
Evolution of Fornax as an MW
Satellite
Based on the discussions in §3, we consider that the growing disk case with λ∗,0 =
10−14M⊙ yr
−1 gives representative results on the general evolution of Fornax. In this
chapter, we focus on this case to discuss the global gas dynamics and evolution of
Fornax as an MW Satellite. We note that it the same as the baseline case after tsat.
As mentioned in §3, we take the onset of the decline in ∆F at tsat ≈ 4.8 Gyr as the
time at which Fornax was accreted by the MW. Fig. 5.1 shows that ∆F dropped to
zero at t ≈ 6 Gyr and the first net outflow (∆F < 0) occurred for t ≈ 6–7 Gyr. This
was followed by the final round of net inflow (∆F > 0) for t ≈ 7–8.6 Gyr, and then
by several episodes of net outflow until star formation ended in Fornax. As we discuss
below, the episodic gas flows at t > 4.8 Gyr shown in Fig. 5.1 were driven by Fornax’s
orbital motion and its tidal interaction with the MW.
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5.1 Orbital Motion and Tidal Interaction
Observations show that Fornax currently moves in an elliptical orbit with a period of
∼ 3.2 Gyr. Its distance from the MW center is Rp ∼ 118 kpc at the perigalacticon
and Ra ∼ 152 kpc at the apogalacticon [26]. Using the median halo growth history
and the corresponding halo structure given by the model of [19], we find that for a
present-day MW halo mass in the range of (1–2) × 1012M⊙, the MW mass enclosed
by Fornax’s present-day orbit is ∼ 1.5 times the MW halo massat tsat ≈ 4.8 Gyr when
Fornax became a satellite. In view of this moderate change, we assume that Fornax’s
orbit for t & 4.8 Gyr can be approximately described by the present-day parameters.
For estimates, we take the MW mass enclosed within Fornax’s orbit to beM enclMW ∼ 7.5×
1011M⊙ on average. This gives an average orbital velocity of vFor ∼ (GM enclMW/a)1/2 ∼
150 km/s for Fornax, where a = (Rp + Ra)/2 ∼ 135 kpc. For comparison, the circular
velocity characterizing matter motion inside the Fornax halo at tsat ≈ 4.8 Gyr is vcirc =
(GMh/rvir)
1/2 ≈ 21 km/s with Mh ≈ 1.8 × 109M⊙ and rvir ≈ 17 kpc
The effects of tidal interaction between the MW and Fornax can be estimated from
the radii rRS,p and rRS,a of the instantaneous Roche spheres [27] at the perigalacticon
and apogalacticon, respectively. Ignoring the small eccentricity of ∼ 0.13 for Fornax’s
orbit [26], we have
rRS,p
Rp
≈ rRS,a
Ra
≈
(
MFor
3M enclMW
)1/3
, (5.1)
where MFor is the total mass of Fornax and generally differs from Mh at tsat ≈ 4.8 Gyr
due to tidal interaction. The CDM and gas outside the Roche sphere would be lost
from Fornax. However, because the Roche sphere would expand as Fornax moved from
the perigalacticon to the apogalacticon, some of the CDM and gas lost earlier could
be reaccreted. Guided by the simulations of [28] and our derived ∆F , we assume that
reaccretion occurred only once. Subsequently, MFor settled down to a value set by the
mass enclosed within rRS,p. For estimates, we use the density profile given by the model
of [19] for a halo with Mh ≈ 1.8 × 109M⊙ at tsat ≈ 4.8 Gyr. Assuming that Fornax
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was at the apogalacticon at tsat ≈ 4.8 Gyr with MFor ≈ 1.8× 109M⊙, we estimate that
its total mass was quickly reduced to ∼ 1.6 × 109M⊙, which corresponds to the mass
enclosed within the Roche sphere at this time. The mass of the Fornax halo was further
reduced to ∼ 1.3 × 109M⊙ at t ∼ 6.4 Gyr when it was at the perigalacticon with a
smaller Roche sphere. It then reaccreted some of the CDM (and gas) lost earlier to
obtain MFor ∼ 1.5×109M⊙ at t ∼ 8 Gyr when it was at the apogalacticon again. After
thatMFor settled down to ∼ 1.2×109M⊙, which is enclosed within rRS,p estimated from
Eq. (5.1) for this value of MFor. During the above evolution of the Fornax halo, rRS,a
started at ∼ 14 kpc and settled down to ∼ 12 kpc while rRS,p decreased from ∼ 11 kpc
to ∼ 10 kpc. The evolution of MFor, rRS,a, and rRS,p is sketched in Fig. 5.1.
Based on the above discussion, we estimate that Fornax lost ∼ 1/3 of its CDM
through tidal interaction. However, this loss occurred in the outermostregion of the halo
and had little effect on the structure of its interior. For example, because r1/2 ≈ 944 pc
was well within the Roche sphere at all times, the mass M(< r1/2) enclosed within r1/2,
which is used to determineMh at tsat ≈ 4.8 Gyr (see Appendix C), would not have been
affected by tidal interaction. Similarly, with a radius of ∼ 2 kpc, the star-forming disk
would have remained largely intact as Fornax orbited the MW so long as there was a
sufficient supply of cold gas.
5.2 Gas Inflow and Outflow
Over Fornax’s SFH, the star-forming disk was surrounded by hot gas either accreted
from the IGM or expelled from the disk due to feedback from star formation, which
includes SN explosions and heating by stellar radiation. Cooling of this hot gas gave
rise to an inflow onto the disk while stellar feedback produced an outflow from it. The
net gas flow rate ∆F represents the difference between the two. At t < 4.8 Gyr, accretion
of the IGM by the growing Fornax halo dominated its global gas dynamics and supplied
hot gas that cooled to provide a net inflow. In general, reducing the amount of hot
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gas would suppress the inflow, thereby causing ∆F to decrease. This accounts for the
decline of ∆F for t ≈ 4.8–6 Gyr (see Fig. 5.1) as accretion of the IGM was disrupted
and the initial tidal interaction between Fornax and the MW resulted in loss of hot gas
along with CDM. This gas loss was also aided by ram-pressure stripping as discussed
in §5.3. The corresponding suppression of the inflow allowed the brief first occurrence
of a net outflow for t ≈ 6–7 Gyr as hot gas escaped from the star-forming disk. This
outflow carried only ∼ 2 × 106M⊙ and was soon quenched when ∼ 107M⊙ of the hot
gas lost earlier was reaccreted and cooled to produce an inflow for t ≈ 7–8.6 Gyr (see
Fig. 5.1).
As mentioned in §5.1, some of the gas and CDM lost earlier was reaccreted because
the Roche sphere expanded at the apogalacticon (see Fig. 5.1). This reaccretion was
discussed for gas by [29] and seen for CDM in simulations by [28]. However, our derived
∆F indicates that there was only one episode of significant reaccretion for Fornax. This
is in line with its smooth SFH, which does not match the scenario of episodic starbursts
with repeated gas expulsion and reaccretion discussed by [29]. In the absence of further
reaccretion, several episodes of net outflow occurred in Fornax for t ≈ 8.6–13.6 Gyr
(see Fig. 5.1). We consider that the episodic nature of these outflows is mainly due to
Fornax’s orbital motion and is very different from the episodic behavior purely driven by
stellar feedback as discussed for example, by [13]. Specifically, we argue that although
stellar feedback initiated the escape of hot gas from the star-forming disk, the loss of
such gas from the Fornax halo at t ≈ 8.6–13.6 Gyr was driven by tidal interaction and
ram-pressure stripping.
5.3 Ram-Pressure Stripping
We consider that the gas subject to ram-pressure stripping was dispersed outside For-
nax’s star-forming disk but within its Roche sphere of ∼ 10 kpc in radius. From the
∆F shown in Fig 5.1, we estimate that ∼ 107M⊙ of gas were stripped for each episode.
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So this gas had a density of n ∼ 10−4 cm−3 while inside Fornax. Its internal pres-
sure was P ∼ nkT ∼ mpnv2th, with T being its temperature, vth ∼ (kT/mp)1/2 ∼
29(T/105 K)1/2 km/s its thermal velocity, and k the Boltzmann constant. The ram
pressure can be estimated as
Pram ∼ mpnmedv2For, (5.2)
where nmed is the density of the gaseous medium through which Fornax moved. Ram-
pressure stripping occurred when Pram exceeded P , i.e.,
nmedv
2
For > nv
2
th. (5.3)
For the hot gas accreted from the reionized IGM right before Fornax became an MW
satellite, we estimate vth ∼ vcirc ∼ 21 km/s. This gas would be stripped for nmed &
2× 10−6 cm−3.
The majority of the gas stripped from Fornax first escaped from its star-forming
disk due to stellar feedback. For a crude estimate, we assume that the gas in this disk
consisted of three components [30]: cold gas with a density of ncold ∼ 40 cm−3 and a
temperature of Tcold ∼ 80 K, warm partially-ionized gas with nwarm ∼ 0.3 cm−3 and
Twarm ∼ 8000 K, and hot ionized gas with nhot ∼ 4× 10−3 cm−3 and Thot ∼ 5× 105 K.
The total gas mass was dominated by the cold component that fed star formation.
Cold gas was also converted by stellar feedback to maintain the hot component as
hot gas escaped from the disk in an outflow. Assuming adiabatic cooling during its
escape, we estimate an upper limit of T ∼ Thot(n/nhot)2/3 ∼ 4 × 104 K corresponding
to vth ∼ 18 km/s for the hot gas when it was dispersed inside the Roche sphere. Its
stripping requires nmed & 10
−6 cm−3.
Based on the above discussion, with nmed & 2× 10−6 cm−3 for the gaseous medium
around Fornax’s orbit at ∼ 118–152 kpc from the MW center, ram-pressure stripping
would have occurred to both accreted hot gas for t ≈ 4.8–6 Gyr and gas heated by stellar
feedback for t ≈ 8.6–13.6 Gyr in Fornax. The gas density in the present MW halo can
only be estimated by indirect means and its time evolution over the MW’s history
36
can only be estimated by simulations of galaxy formation. Simulations of [31] give
nmed ∼ 10−5–10−4 cm−3 at ∼ 100–200 kpc from the galactic center with no significant
changes over a period of 10 Gyr. These results are consistent with estimates based
on observations of MW halo clouds (e.g., [32]). However, [33] derived a present limit
of nmed < 10
−5 cm−3 at 50 kpc from the MW center by considering effects on the
Magellanic Stream. For comparison, the cosmic mean baryon density at tsat ≈ 4.8 Gyr
(zsat ≈ 1.33) was 〈nb〉 ≈ 3 × 10−6 cm−3. We consider nmed ∼ 3 × 10−6–10−5 cm−3 as
reasonable around Fornax’s orbit for t & 4.8 Gyr. Therefore, ram-pressure stripping
would have been effective in removing gas from Fornax.
For the three gas components in Fornax’s star-forming disk with densities and tem-
peratures assumed above, they were in pressure equilibrium and their internal pressure
was & 102 times the ram pressure. Consequently, for those conditions the ram pressure
would have had little impact on the disk. However, when a sufficient amount of gas
had been removed, the three-component structure would be disrupted and gas density
in the disk would drop, eventually allowing gas to be ram-pressure stripped directly
from the disk. This might account for the sharp increase in the net outflow at the end
(t ∼ 12.8–13.6 Gyr, see Fig 5.1).
5.4 Gas Loss from Fornax
In summary, we propose the following outline for gas dynamics in Fornax as it orbited the
MW. Tidal interaction was responsible for removing ∼ 1/3 of its original CDM. Because
collisionless CDM does not suffer ram pressure, the CDM lost during Fornax’s first
orbital period appeared to have stayed close to the orbit and kept the simultaneously-
lost gas from dispersing. This was crucial to the reaccretion of some of the lost CDM
and gas as the Roche sphere expanded near the end of this period. Subsequently, there
was no significant clustering of CDM near the orbit and once ram-pressure-stripped
gas moved outside the largest Roche sphere of ∼ 12 kpc in radius, it was lost from
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Fornax. We note that although the change in the Roche-sphere radius from ∼ 10 kpc at
the perigalacticon to ∼ 12 kpc at the apogalacticon appeared small, the corresponding
change in the Roche-sphere volume was by a significant factor of ∼ 1.7. The non-
monotonic evolution of net gas outflow for t ≈ 8.6–13.6 Gyr might have resulted because
an expanding Roche sphere would oppose while a shrinking one would enhance the effect
of ram pressure. This would explain the coincidence of ∆F ∼ 0 at t ∼ 11.2 Gyr with
the transition from an expanding Roche sphere to a shrinking one (Fig. 5.1).
Gas loss from satellites through ram-pressure stripping and tidal interaction was
studied in detail by simulations of [18], who emphasized the importance of the UV
background in keeping the gas widely distributed inside the satellites. Gas depletion in
Local Group dwarfs was studied analytically by [34], who emphasized heating of gas by
stellar feedback. In general accord with these detailed studies, we propose that gas in
the star-forming disk was first heated by SNe to Thot ∼ 5 × 105 K, and then escaped
to be dispersed outside the disk before getting removed from Fornax. It is also possible
that heating by both SNe and the UV background was needed, but we focus on SN
heating below.
Using the same initial mass function as adopted by [9] in deriving the SFR and
assuming that stars of 8–120M⊙ result in SNe, we obtain an SN rate of RSN(t) ≈
10−2ψ(t)/M⊙. For SNe to heat a total mass ∆Mhot of gas that escaped during an
episode of outflow, the required efficiency per SN is
ǫSN ∼ (∆Mhot/mp)kThot
∆NSNEexpl
∼ 0.083
(
∆Mhot
107M⊙
)(
Thot
5× 105 K
)(
104
∆NSN
)(
1051 ergs
Eexpl
)
,
(5.4)
where ∆NSN is the total number of SNe occurring in this episode and Eexpl is the average
explosion energy per SN. From the ψ and ∆F shown in Figs. 3.1 and 5.1, respectively,
we estimate that ∆Mhot ∼ 1.2×107M⊙ (2.2×107M⊙) and ∆NSN ≈ 6×104 (1.4×104)
for the episode of t ≈ 8.6–11.2 Gyr (11.2–12.8 Gyr), which correspond to ǫSN ∼ 1.7%
(13%) for Thot ∼ 5 × 105 K and Eexpl ∼ 1051 ergs. For the last episode of t ≈ 12.8–
13.6 Gyr, there was a sharp increase in the net outflow and ∆Mhot ∼ 8 × 106M⊙,
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which would have required ǫSN ∼ 51% with ∆NSN ≈ 1.3 × 103. As noted in §5.3,
for this terminal episode, gas could have been ram-pressure stripped directly from the
star-forming disk due to the decrease in density. So a lower SN-heating efficiency could
have been sufficient. Heating by Type Ia SNe, which is ignored in the above discussion,
could also reduce the required ǫSN. Therefore, it appears that SN-heating coupled with
ram-pressure stripping and tidal interaction for a few orbital periods was responsible
for removing gas and terminating star formation in Fornax.
5.5 Simulations of Outflow in Dwarf Galaxies
Based on the SFH of Fornax dSph and guided by its proper motion, We constructed the
tailored outflow dominated gas dynamics history for Fornax dSph in its satellite phase.
Here we briefly reviewed some of the current simulation results on gas outflow in a more
general settings of dwarf galaxies [17] [35] [36].
First of all, let us define Using the mass-loading efficiency (the ratio between wind
mass loss rate and SFR) as
ηw =
M˙w
Ψ
. (5.5)
Generally, there are two approaches to estimate ηw, both of which takes the assumption
that the wind speed vw scales with the one-dimensional velocity dispersion σ. And
one approach is based on the momentum observation of the driven wind [35] [17]. The
momentum of the winds is the same as the input momentum
p˙ = M˙wvw . (5.6)
The input momentum come from the same models of stellar feedback as we shown in §2
including radiation pressure in the UV through IR, supernovae, stellar winds, and HII
photoionization. Thus p˙ ∝ Ψ, which leads to
ηw =
1
σ
(5.7)
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ηw is as high as ∼ 10-20 from [17]. This number is also obtained in simulations of
large dwarf galaxiesM∗ ≈ 108M⊙, in which supernovae shock-heated gas dominate the
production of large-scale outflows [17]. And it is consistent with our estimation during
most of the time in the outflow dominated phase . 20. A detail picture of momentum
driven wind is as followings: Momentum from UV photons, stellar winds and warm
gas pressure from HII region stirs up star-forming regions, where SNe bubbles expand
and overlap with each other. It results in a patchy star-forming regions and hot SNe
bubbles. These bubbles ultimately push cold shells into super-wind as they overlap,
which makes a warm/hot phase wind.
The second approach is called energy-conserving wind model [36]. The energy rate
ejected by SNe is ˙ESN ∝ Ψ is used to drive the outflow, thus
E˙SN =
1
2
M˙wv
2
w. (5.8)
Therefore, the mass-loading efficiency is
ηw ∝ 1
σ2
, (5.9)
which is more sensitive about the size of the system compared with the momentum
driven wind model. It is consistent with the sensitivity evaluation of feedback mech-
anisms in different system as we discussed in §2. In small dwarf galaxies, the energy
deposit feedback is the key process, thus the energy-conserving wind model suits better.
Consequently, the results show that the star formation in small satellites has generic
episodic feature as well as a relatively long time scale due to the reaccretion of gas. The
second feature causes some problem in reproducing the elemental abundance data [36].
However, in a realistic MW system, the interaction between satellite galaxies and MW
may suppress or even quench the reaccretion. Thus the chemical evolution problem may
be solved automatically after taking this factor into account.
As in our case, the size of Fornax dSph may fall closer to valid range of the energy-
conserving wind model. And the gas phase of Fornax dSph would be influenced by MW
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potential after it becomes the satellite galaxy. Ram pressure stripping will make the gas
loss more easily, and the tidal force suppresses and enhances the process periodically,
which has been discussed in the last section. Thus, the reconstruction of individual
satellite dwarf galaxy as Fornax ultimately needs to put the subgrid physics model in a
realistic simulation of its host galaxy.
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Figure 5.1: Evolution of the Fornax halo as an MW satellite at t & 4.8 Gyr. Its
total massMFor (a) and Roche-sphere radius rRS (b) are estimated at the apogalacticon
(indicated by “a”) and perigalacticon (indicated by “p”), and connected by line segments
to guide the eye. For convenience of discussing the effects of tidal interaction, the
relevant ∆F (t) for the baseline case (c) is also shown. See text for details.
Chapter 6
Supernovae Yields and Mixing
Scenario
We already reached the first oder of understandings in the gas dynamics and halo
evolution of Fornax dSph from §3,4&5. Before we are able to construct the chemical
evolution model, we need to investigate how an individual SN enriches its surrounding
ISM. Note that SN nucleosynthesis is the major source of heavy elements, and the only
one we considered in our model. In this chapter, we showed the CCSN yields from [37]
and SN Ia yields from [38] in §§6.1, which serve as the input of our model. Then we
briefly summarize supernovae remnant (SNR) evolution in §§6.2 and give the estimations
of mixing masses for both types of SNe. Finally, in §§6.3, we presented two examples of
SN mixing implementation in dwarf galaxy simulations.
6.1 Supernovae Yields Study
We used the CCSNs yield table from [37] following the evolution and explosion of Pop-
ulation III stars with mass 10-100M⊙. The code used to calculate stellar evolution
and nucleosynthesis is KEPLER, which is a one-dimensional implicit hydrodynamics
package. Due to the lack of robust explosion models, Supernova explosion is realized
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by the input of a time-dependent momentum deposition, called a moving piston. And
the explosion energy is defined as the kinetic energy at infinity, which is always smaller
than the energy needed from the central engine. In our model, all the CCSNe within the
mass range (10,30) M⊙ and 20% of CCSNe within the mass range (30,100) M⊙ explode
successfully with different explosion energies as followings (see detail discussion of the
settings in §7) ,
Ecc(m) =


0.3B , 9.6 ≤ m/M⊙ ≤ 10
0.6B , 10 < m/M⊙ ≤ 11.7
0.9B , 11.7 < m/M⊙ ≤ 13.3
1.2B , 13.3 < m/M⊙ ≤ 30
3.6B , 30 < m/M⊙
The mixing of material within a star is put into the stellar evolution code artificially,
which is characterized by the mixing parameter pm. The mixing process is implemented
by a running boxcar with width ∆M=pmMHe moving through a star for four times. pm
is set to be 0.01 for Population III stars, and 0.1 for all the others, with non zero initial
metallicity, which is the case for the majority of stars. The setting aims to achieve the
metallicity dependence of mixing process [37].
Here we first compare [α/Fe] between SNe Ia and CCSNe yields. We set SNe Ia
to have a uniform yield from W7 model from [38], which is shown as the blue dashed
line. And CCSNe yields are presented in mass range 10-100M⊙ with the energy and
mixing dependence shown above. The black dots represent [α/Fe]cc of pm=0.1, 0.01,
respectively in Fig. 6.1 & 6.2. The IMF averaged [α/Fe] of pm=0.1 is shown as the red
dotted line. In Fig. 6.1 all the α elements have large scatters of [α/Fe] in mass range
of 10-30 M⊙ except for Ti. And as the stellar mass increases, [Si/Fe] and [Mg/Fe] also
increase significantly in the mass range of 30-100 M⊙. The increase of [Ca/Fe] is quite
mild. Whereas [Ti/Fe] remains to be almost flat in the entire mass range. In Fig. 6.2,
scatters of [α/Fe] are generally larger in the mass range of 10-50 M⊙, since low mixing
brings less Fe to outer layers. It is the same reason why [α/Fe] shoots over the upper
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limit ∼ 2.0, in the mass range of 50-100 M⊙. Basically, there is negligible amount of
Fe produced in those stars as shown in Fig. 6.3, which represents the relative ratio of
yields between two mixing scenario as ρcc = Ycc(pm = 0.01)/Ycc(pm = 0.1). We may
able to see stars with extremely high [α/Fe]& 2, if they were born out of Population III
star remnants without touching by other SNe and the extreme low [Fe/H]. -8 can be
measured. Combining these criterion makes the observations almost impossible, thus
we only see stars with the highest [α/Fe]∼0.5 in local group including Fornax dSph
(see Fig. 7.3). In Fig. 6.4, we compare the absolute Yields of SNe Ia and CCSNe
of pm = 0.1. The blue dashed line and the red dotted line represents SN Ia yields
and IMF averaged CCSNe yields, respectively. We can see clearly for an individual SN
event, the absolute amounts of α elements produced by SN Ia are about the same with
those by CCSN within several factors . 10. And SN Ia produced Fe is about 10 times
larger than that from CCSN. However, SNe Ia explosions are universally rarer events,
and the contributions from these two sources need to be evaluated in individual system
considering the relative frequency ratio, as we will show in Fig. 7.2 from §7.
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Figure 6.1: [α/Fe] vs. [Fe/H] from SN Ia yields and CCSN yields of high mixing case
(pm=0.1). The black dots represent the yields from CCSNe in the mass range 10-100
M⊙. And the blue dashed line indicates the yields of SNe Ia. The red dotted line
represents the IMF averaged CCSNe yields.
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6.2 Supernovae Remnants Evolution
Thornton et al [39] did numerical studies on how supernovae remnant evolves in the ISM.
After SN explosion energy is injected locally, a hot SN bubble forms and adiabatically
expands initially. As the temperature of the bubble drops, the shock front gradually
slows down. Cooling at the shock front becomes very efficient, and a thin shell begins
to form. As gas density increases and the shell gets thicker, cooling is enhanced, which
produces the catastrophic cooling. In this stage, the kinetic energy of the hot bubble
converts into thermal energy and gets radiated away right away. As supernovae remnant
evolves, shell cooling becomes less efficient as the shell becomes thicker and density
decreases. Eventually, supernova remnant will become part of the ISM.
Recalling the standard picture of ISM discussed in §2, gas collapses into molecular
clouds with several layers of different temperatures. Each cloud is about the mass
scale of 103M⊙. As a SN shock front expands, it encounters the clouds nearby. those
clouds get evaporated in supernova remnant where metal mixing take place throughly
in the hot interior. And in Myr timescale, the next generation of clouds form out of
the supernova remnant, which becomes more metal enriched compared with the last
generation. The detail simulation of mixing process is beyond our paper. Instead, we
take a simple empirical prescription of mixing in our model.
As one SN explodes, it dumps heavy elements of mass YE as representative of dif-
ferent species, and injects energy Esn into the surrounding ISM. We assume that all the
metals including the newly synthesized and original stuff, are mixed up within mixing
mass Mx, which correlates to the hot bubble mass directly. And the mass of different
regions of a SN bubble can be calculated from the following empirical equations [39].
For [E/H] < −2,
Mr = 5.23 × 104E6/751 n−0.240 M⊙ (6.1)
Ms = 4.89 × 104E6/751 n−0.240 M⊙ (6.2)
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Mb = 0.34 × 104E6/751 n−0.240 M⊙. (6.3)
Mr, Ms and Mb represents the remnant, shell and hot bubble mass, respectively. As
we can see that about 90% of the remnant mass is within the cold and dense shell. For
[E/H] > −2,
Mr = 1.44 × 104E6/751 n−0.240 Z−0.28M⊙ (6.4)
Ms = 1.41 × 104E6/751 n−0.240 Z−0.27M⊙ (6.5)
Mb = (1.44 × 104Z−0.28 − 1.41 × 104Z−0.27)E6/751 n−0.240 M⊙. (6.6)
SN ejecta is dumped into the hot bubble and metal is well mixed within it at first.
Eventually, the bubble loses its structure and mixes with the surrounding cold ISM.
However, we have little idea how far the ejecta can travel before cooling down completely.
Rough estimation gives Mb = 10
3 ∼ 104M⊙ and Ms = 2.6 × 104 ∼ 2.3 × 105M⊙, for
Z = 0.1, n0=1 cm
−3 ∼ 10−4 cm−3. Since the bubble mass also depends on the gas
density, the different explosion sites also brings different mixing masses. CCSNe almost
explode instantaneously (. Myr) after their progenitor stars are born. So explosions
usually happen in a star forming region with high gas density. Whereas SNe Ia take
∼ 1 Gyr to evolve. When they explode, typically, the original GMCs they resided
have been disrupted by more frequent CCSNe explosions. Thus their explosion sites
are mostly in secluded place with low gas density. It leads to nISM,Ia ≪ nISM,cc and
thus Mx,Ia ≫ Mx,cc. Thus we set Mx,cc and Mx,Ia differently in our model. When the
system is dominated by outflow, SNe bubbles can not survive for long, which suggests
inefficient mixing. We set Mx ∼ Mb as the mixing case in the satellite phase of our
model. When the system keeps accreting inflow in the pre-satellite phase, the cold high
density gas collapse from the outer skirts. At the same time, SN bubbles keep forming
from the star formation region. Both mechanisms work on the system, which would
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drive significant galactic scale turbulents [40]. Thus in this case, the mixing process is
much more thouroughly. The evaluation of metal mixing in these two scenarios needs
galaxy evolution code with GMC scale resolution. In this paper, motivated by the
observations signatures, we empirically set the mixing mass as discussed in §7.
6.3 Simulations of SN enrichment in Dwarf Galaxies
As we already discussed, how to mix SN products in ISM is a complicated problem.
Without high resolution simulations, it is usually implemented empirically in galaxy
evolution model. Here we summarize two papers [36] [41] which simulated field dwarf
galaxies in MW-like system and studied their chemical evolution history.
From the study on the satellites propertities in galaxy formation simulations [36],
if SN explodes in one particle (Each particle represents a simple stellar population,
m∗ ∼ 105M⊙), the energy, metal and mass is evenly distributed amongst its 32-128
neighbouring gas particles. The fraction of each quantity received by a particle is
mi/Σjmj, where mi is the mass of the particle where SN takes place, and the subscript
j runs over all neighbours. In this case mmix ∼ 106 − 107M⊙. They only compare
the averaged values of [O/Fe] vs. [Fe/H] in different halo models compared with MW
satellites without considering the scatter pattern. And the efficient SN mixing mass
they chose is large enough to make the system in a homogeneous state quite easily.
Whereas in our case, in order to match the abundance pattern in a individual dSph,
more careful assessment of SN mixing is needed.
Following the same approach, [41] implement the mixing process using a more so-
phisticated subroutine, which is called a simple diffusion model. Each gas particle in
their model has mass m∗ = 6000M⊙. The newly produced metal are distributed within
32 neighboring particles. However, the metallicity of newly-formed star particle is ob-
tained by averaging the metallicity over 128 neighborng gas particles, which is about
52
6×105M⊙. This procedure can solve the problem of large scatter of [α/Fe] from simula-
tions compared to observations at the early stage of chemical evolution. It is equivalent
to the enhanced mixing in the first phase of our model ( see §7). Their model can repro-
duce the data in Milky Way thin disk, thick disk and halo stars. We suggest that most
galaxies went through the inflow dominated phase at its early evolution when DMHs
were in the fast-growing phase [19], and during that epoch, the enhanced SN mixing is
a universal phenomenon.
Chapter 7
Chemical Evolution Model for
Fornax dSph
Fornax dSph is about 1000 times smaller than MW, and it has prolonged SFH, which
just ends million years ago. It maybe counter intuitive to see that it is much more
inhomogeneous than MW, after both systems evolve about the same amount of time.
Similar situations can be seen in other dwarf spheroidal in local group from [42]. Here,
we use a simple argument to explain the relation between the scale and homogeneity of
a gaseous system. In any Schmidt SFL Ψ ∝Mαg , α is almost always larger than 1 from
observations. Let us assume that, the number of SNe from unit stellar mass fsn and SN
mixing mass Mx are universal constants in different systems. And we define the rate of
gas mass fraction enriched by SNe as fp,
fp = fsnΨMx/Mg ∝ fsnMxMα−1g , (7.1)
where fsn is the number of SNe per unit mass. As long as α > 1, we always get fp ∝Mg,
which leads to the conclusion that the larger the system is, the quicker it would reach
homogeneous. And if we substitute Mx with averaged SN yield Y
E
sn of element E, we
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get the enrichment rate of the system as
fe = fsnΨY
E
sn/Mg ∝ fsnY EsnMα−1g . (7.2)
Similarly, fe ∝ Mg, which explains why MW is more metal enriched than Fornax and
other dwarfs [42]. Starting from this relation, we build a chemical evolution model for
Fornax dSph and compare with the observational data in several aspects, the element
abundance pattern [α/Fe] vs. [Fe/H], metallicity distribution function (MDF) of Fe, Ca,
Mg and their metallicity evolution as a function of time. As we have already seen, the
key free parameter in our model is Mx, which is estimated from §6. The organization
of this chapter is as followings: The general setup of our model is presented in §§7.1.
Then, we list the parameter settings in §§7.2 and show the setup of time and space in
detail in §§7.3 & §§7.4. In §§7.5, we discussed the observational motivations and physics
pictures of the key parameters. Finally, we show the comparisons between the results
of our model in different settings and the observational data in the last section §§7.6.
7.1 2-D Mass Grid Model
The simulation is performed on a 2-D, n = 10002 mass grid. The motivation of this setup
comes from the fact that the star formation region of dwarf galaxy is disky originally,
before tidal disruption. The number of gas boxes on the grid changes, as the gas mass of
the system. During each timestep δt=0.2 Gyr, I randomly pick a certain number of boxes
as SNe sites, according to the number of SNe exploded in i th timestep (ncc,i & nIa,i).
ncc,i can be calculated by the universal IMF from [43] based on the SFH. Each CCSN is
characterized with progenitor mass, explosion energy and mixing parameter [37], shown
in §6. For SN Ia, we use a standard delay time distribution (DTD) [44]. And the
equivalent rate ratio between SN Ia to CCSN k is adjusted to fit the data. Both types
of SNe would inject their products of heavy elements into the surrounding gas boxes.
The mixing process is carried out empirically. SN mixing mass Mx is set artificially
within estimated range, which is discussed in §6.
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We assume all the inflow gas is metal free in Phase I (pre-satellite phase), which
comes into the system as fresh gas boxes. In Phase II (satellite phase), Inflow is purely
metal free before it touches zero around t =6 Gyr. Whereas after the first episode of
outflow, the system regains some gas which has come to the system earlier. These gas
would be already touched by SN, but the enrichment is marginal since it has only stayed
for a brief period. Thus when these gas come to the system again as the last episode
of inflow, it is metal poor instead of metal free, the metallicity of which is calculated
automatically in our model. As for the outflow, we simply drop the gas boxes. This
implementation is modified to an enhanced metal loss version in Phase II, guided by
the hints from elemental abundances data.
After the treatment of gas flow is done. I again randomly sample ns,i boxes, which
is the number of stars surviving today in the ith timestep, calculated from the SFH.
Stars born out of these boxes record their local metallicity in that timestep. The same
procedure is done for the entire SFH. The metallicity information of the whole system
is taken as a snapshot at the end of each timestep. We can easily plot the metallicity
evolution as a function of time, by combining all the snapshots. MDFs are generated
by summing up all the stars surviving until today. Similarly, these stars with birth
time and elemental abundance information are put in the [α/Fe] vs. [Fe/H] plot. By
the comparisons between the generated data and the observations, we fix the parameter
settings shown in the next section §§7.2.
7.2 Parameter Settings
Here we listed the key parameters of this model. The choices are guided by the com-
parisons between observations and simulations, which is discussed in detail in §§7.5.
(i) We use the SFL of a growing star forming disk, Ψ = λ∗(t)M
1.5
g , where λ∗ ∼ 1/rvir
(see the halo model in 4) and λ∗(tsat) = 0.8× 10−14M⊙/yr. The choice of λ∗(tsat) gives
us the right amount of gas mass to carry out chemical enrichment. For a system with
56
known SFH, the total amount of heavy element put into the system is fixed, whereas
the total gas amount is varied by λ∗, as we already discussed in §3, . Thus it is the
key parameter of determining the average metallicity of the system, such as the peak
position of MDFE and [E/H] vs. t.
(ii) We assume all the CCSNe have mixing parameter 0.1, except that those born
from metal free material (Z=0) have mixing parameter 0.01. CCSNe within the mass
range (10,30) M⊙ explode successfully with explosion energy from 0.3B to 1.2B. And
20% of CCSNe within the mass range (30,100) M⊙ explode with explosion energy E =
3.6B. (see detail in §6)
Rcc(t) =
∫ 30
10
φ(m)ψ(t)dm+ 0.2
∫ 100
30
φ(m)ψ(t)dm, (7.3)
where φ(m) represents the universal IMF from [43].
φ(m) ∝ m−α (7.4)
where
α =

 1.3 , 0.08 ≤ m/M⊙ ≤ 0.52.3 , 0.5 ≤ m/M⊙
(iii) SN Ia physics comes with two key parameters. One is the characteristic delay
timescale τIa, taking D(τ) from [44] as DTD.
D(τ) =

 0 , τ < τIa∝ τ−1.1 , τ ≥ τIa
τIa varies between 0.42 Gyr to 2.4 Gyr [44], and we take τIa = 1Gyr in our model.
Another SN Ia parameter is the equivalent rate ratio of SN Ia to CCSN, k, which
controls the relative contributions from SN Ia compared to CCSN through the following
relation
RIa(t) = k
∫ t
τIa
Rcc(t− τ)D(τ)dτ. (7.5)
The main effect of k is determining the slope of scatter in [α/Fe] vs. [Fe/H] plots in the
pre-satellite phase (see detail discussion in §§7.5). We set k=1/5 in this model.
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(iv) As we already discussed in §6, The distinct environments would result in the
different mixing mass, as Mx ∝ n−0.24 from Eq.6.3. We set the mixing mass ratio of
SN Ia to CCSN as Mx,Ia/Mx,cc ∼5 throughout the history, corresponding to the ratio
of gas density between the two environments roughly as nIa/ncc ∼1/1000, which is
about the ratio of nwarm/nhot. As the system transits from a inflow dominated phase
to a outflow dominated phase, SN mixing mass also changes. We set Mx,Ia = 10
5M⊙,
Mx,cc = 2× 104M⊙ in the pre-satellite phase, and Mx,Ia = 5× 103M⊙, Mx,cc = 103M⊙
in the satellite phase (see detail discussion in §§7.5).
(v) Enhanced metal loss in outflow is achieved by introducing the efficient enrichment
factor η for both type of SNe. After Fornax becomes the satellite of MW,
pcc(t) = ηccYccRcc(t) (7.6)
pIa(t) = ηIaYIaRIa(t) (7.7)
where ηIa = 1/4 and ηcc = 1/2. We assume that metals from SNe Ia get lost more
due to the same enviromental reason as (iv). Without the modification, the elemental
abundances will be over estimated in the satellite. The careful comparison is shown in
§§7.6.
7.3 Time setup
In order to numerically implement the chemical enrichment process, we need to discretize
time and space. Let’s focus the discretization of time in this section. SFH begins at
ts = 0.29Gyr as the first bin in SFH and the timestep is chosen to be δt = 0.2Gyr. The
gas mass in each timestep is defined to be the value at the end of it.
Mg,i =Mg(ti), (7.8)
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The numbers of SN and newly born stars are calculated by integrating over each
timestep. We only select the stars surviving today as the output of the model.
ns,i =
∫ ti+δt
ti
Ψ(t)dt
∫ mmax
0.1
φ(mτ )
Nm
dm, (7.9)
where the normalization factor is calculated as below,
Nm =
∫ 0.5
0.1
m−0.3dm+ 0.5
∫ 100
0.5
m−1.3dm. (7.10)
And mmax is obtained from empirical equation [45]. Since the SFH ends before 0.04
Gyr ago,
mmax = 10
7.764−
1.790−(0.334−0.1116 log τm)
2
0.2232 , (7.11)
when τm = t0 − t > 0.04Gyr. The number of CCSN explosions ncc,i as well as SN
Ia explosions nIa,i can be obtained from
nsn,i =
∫ ti+δt
ti
Rsn(t)dt. (7.12)
The amount of gas inflow and gas outflow is calculated similarly
min,i =
∫ ti+δt
ti
Fin(t)dt, mout,i =
∫ ti+δt
ti
Fout(t)dt. (7.13)
7.4 Space Setup
The discretization of space is done in this way. We assume each gas box contains a
constant mass m0, defined by the maximum gas mass amount.
m0 =Mg,max/n (7.14)
It means when the system reaches its peak amount, the gas occupies the entire grid
with n = 10002 boxes. Thus, in ith timestep, the number of gas box is
ni =Mg,i/m0 (7.15)
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In our model, the gaseous region would be a square with side length li = int(
√
ni). As
the system expands, li increases as the new boxes are added to the outskirt of the grid,
which contains metal free gas by default. And when the system shrinks, li decreases as
boxes are dropped out of the grid. The difference between
√
ni and int(
√
ni) is negligible
when the mass resolution is fine enough, which is determined by the box number of the
grid. When a SN explode in a random cell, metallicity of the neighboring cells within
ne =Mx/m0 would change as
Z ′E,i =
m0
ne∑
i
ZE,i + Y
E
sn/X
E
⊙
Mx
(7.16)
where i runs over ne closest cells to the explosion cell.
7.5 Discussion
In this section, we explicitly show the motivation of the choice of the key parameters
from §§7.2 and how to build the chemical evolution model consistently with the gas
physics. All setup is based on the underlying picture of gas dynamics and guided by its
imprint in the generated metallicity abundances data.
Phase I (pre-satellite phase): ts < t < tsat, the system grows rapidly as more and
more gas boxes added to it. Since SN explosion is the only mechanism of metal mixing
in our model, the newly accreted gas remains to be metal poor before sufficient number
of explosions happened nearby. Stars born from the newly accreted gas have much lower
metallicity than the stars born from the earlier accreted gas. It comes out as the large
scatter on the metal poor side in [E/H] vs. t plot when the system grows. This feature
is clearly observed at least for the best measured element Fe (see Fig. 7.4). On the
other hand, SN mixing needs to be quite efficient to make the correlations between α
elements and Fe converged in this phase, shown in Fig. 7.3. Since SN Ia has larger
mixing mass than CCSN, as we assumed, it is the major mixer of the system. Thus we
set Mx,Ia = 10
5M⊙ to create the converging tip at the end of this phase. We also notice
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that the oldest generation of stars ([Fe/H]. -2) with blue shades in Fig. 7.3 have the
largest scatter of [α/Fe] ( ∼ 0.8 dex). It can be easily understood because the system
starts from the most inhomogeneous state at the beginning of SFH. And the scatter
scale is determined by both the intrinsic CCSNe yields table from §6 and Mx,cc. We
notice that the upper bound of [α/Fe] ∼ 0.6 is well within the upper limit [α/Fe] ∼ 1.0
from CCSNe yields pattern in mass range (10 - 30 M⊙). It should be straightforward
to achieve the observed scatter pattern by the adjustment of Mx,cc, which we set to be
2×104M⊙.
SN mixing mass here refers to the efficient mixing mass instead of the exact hot
bubble Mb or shell mass Ms in each SN bubble. However, the estimations of both Mb
and Ms give us a reasonable range to tune Mx [39] (see detail calculations in §6). Due
to the continuous inflow during this period, pressure is exerted on the hot gas phase by
the piled up cold gas from outskirts. Although CCSNe keep exploding at the center star
forming region, there is little chance for the hot gas to escape from the high pressure on
the top. The explosions deposit both energy and momentum to the ISM, which heats
up the gas and drives significant turbulence in the entire system. The first feedback
mechanism makes cooling less efficient when the hot gas accumulates and the average
density decreases in the system. The second process disrupts SN bubble structure and
suppress GMC collapsing. Overall, both processes lead to the enhanced SN mixing.
Thus large mixing mass motivated by the observational data is consistent with the gas
dynamics in this phase. The turbulence driven by the mass transportation of gas at
the outskirts of the discs and the consequent metal mixing scenario has been studied
numerically by [40].
We see strong declining trend in [α/Fe] vs. [Fe/H] (Fig. 7.3) in the pre-satellite
phase. The slope of this trend, shown clearly as the upper envelope of the scatter, is
determined by the relative frequency ratio of SNe Ia to CCSNe, k. A significant amount
of Fe enrichment from SN Ia would drag down the mean value of [α/Fe] from ∼ 0.5 to
∼ −0.2. Note that the choice of tIa and k is not unique. Here, we adopt the common
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choice of tIa = 1Gyr, and tune k by the comparisons between generated scatter pattern
with the observed data.
Phase II (satellite phase): t > tsat, the inflow gradually drops all the way to 0
around t = 6 Gyr, and outflow comes up. There is a brief inflow episode from 7 to 9
Gyr, after the first outflow episode. And the system is dominated by outflow for the rest
of the time. As inflow diminishes, the pressure exerted on the system gradually loses
its power and the outflow finally gets the outlet. As the hot gas is able to escape from
the system, and SN explosion energy is mostly used to drive the outflow (see outflow
wind model in §5). Consequently, SN mixing happens more briefly, which is much less
efficient compared to the first phase. The imprint of shrinking of mixing mass in data
file is a large cluster of stars right after the converging tip in Fig. 7.3. The shades of
the cluster transit from cyan (older) to red (younger), as [Fe/H] increases. It indicates
that the local inhomogeneity by SN mixing manifest itself for the entire phase. We set
Mx,cc = 10
3M⊙, and Mx,Ia = 5 × 103M⊙, which is about the same as the hot bubble
mass estimated by [39].
The reductions of SN enrichment are necessary in this phase. If we keep the same
parameter set as Phase I, all the elements would be over produced, shown in Fig. 7.6 &
7.9. It suggests that the parameter sets should be different for these two phases. Such
modification would probably get closer to the reality, since metals from supernovae
remnant are easier to escape in outflow dominated environment. SN explosion heats
up, pushes and enriches its surrounding ISM. The neighboring patches of gas are the
receiver of both ejecta and explosion energy. Therefore, they have higher metallicity
than the average ISM of the system and they are easier to escape. Thus the outflow
is generally more metal enriched than the dropped gas boxes in our model, which have
no relation to SN explosion sites. However, it is impossible to estimate the enhanced
metal loss without detail hydrodynamics simulations. But we are able to reach this
scenario empirically by the reduction of SN enrichment for CCSN as ηcc = 1/2. The
contribution from SNe Ia would need extra reduction, simply because their explosion
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sites are usually in diluted gas region. It takes longer for SNe Ia enriched gas to cool,
which means that it has larger chance to be expelled. These gas gets heated by SNe Ia
may never return to the cold ISM, and therefore does not get the opportunity to enrich
the star forming gas region. Thus we compensate the extra loss by the reduction of SN
Ia rates as ηIa = 1/4.
7.6 Results
According to the parameter settings in §§7.2, we first compare the rate and enrichment
contributions from two types of SNe. The solid line in Fig. 7.1 represents CCSN rate,
which is always & 10 times larger than SN Ia rate shown as the dashed line, except for
the last 2 Gyr, when both rates diminish. Then we compare the SN production rate pcc
and pIa, after taking account in the enhanced metal loss in Phase II, shown in Fig. 7.2
with the same notation as Fig. 7.1. α elements are mainly produced by CCSNe whereas
Fe is made approximately equally from both. As we can see from the upper four panel
of Fig. 7.2, the amount of Mg from SNe Ia is negligible. And SNe Ia contribution to
Ca and Si is a little bit larger than that to Mg. The production percentage from SNe
Ia is the largest for Ti, which weights approximately 1/3 of the total.
The comparisons between the results of our standard case (with parameter settings
shown in §§7.2) and observations are shown in 7.3, 7.4 & 7.5. In Fig. 7.3, the space
of center white, light grey and dark grey denotes 1σ, 2σ and 3σ confidence region
respectively for Mg, Ca and Si. We can see that the boundary between light and dark
grey space (95% confidence region) includes most of the stars and outlines the overall
shape of the scatter for these three α elements. For Ti, the mean trend is below most of
the data points. And the confidence regions of 1σ is too narrow to show, thus we plot
2σ region as the white space and 3σ region as the dark grey band. This prolem may be
due to both the average and variance of intrinsic Ti yield is underestimated. The upper
envelope in 7.3 shows a clear declining trend and it converges around [Fe/H] . −1.4,
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as the observational data in Phase I suggests. The scatter regrows after the convergent
tip, consistent with the shape of grey regions. The light grey region can cover almost all
the stars in Mg plot, which is the best measured α element. Some stars sits in the dark
grey region in Ca and Si plots, whereas these data points have quite large scatter & 0.3
dex. The black solid line denotes 〈[α/Fe]〉fe of all the stars having close [Fe/H] within
0.1 dex interval. It directly reflects the simulation results, going through the middle of
the white space. We can also get 〈[α/Fe]〉ti of all the stars born at the same timestep,
from [E/H](ti). At any given time ti, we plot 〈[α/Fe](ti)〉 vs. 〈[Fe/H](ti)〉 as the dashed
line in Fig. 7.3, which differs from 〈[α/Fe]〉fe vs. 〈[Fe/H]〉fe clearly. The metallicity
evolution of Ca, Mg and Fe is shown in Fig. 7.4. The solid line represents the mean
of stellar metallicity at any given time as 〈[E/H]〉(ti). The dashed lines show the upper
and lower limits, which include 95% of stars. As we can see that the mean trend of all
three elements go through the middle part of the data. For the best measured element
Fe, low [Fe/H] stars . -2 exist for the entire history, and at least they are within the
95% confidence region until t ∼8 Gyr. As we have discussed in §§7.5, the low metallicity
boundary of our model is produced by the newly added boxes as inflow coming to the
system, which perfectly explains the observational data. Finally, we show MDF for Mg,
Ca and Fe in Fig. 7.5. All the peak position and the width of the generated MDF can
match with that from observations very well.
We also present the results of different parameter settings, using the same model
for comparisons. In Fig. 7.6, 7.7 and 7.8. We show the case without enhanced metal
loss in Phase II. In 7.6, the scatter pattern for old stars mostly born in Phase I can
be matched similarly as the standard case. Whereas the lower boundary of [α/Fe] is
higher, which left some stars out of dark grey region, especially for Ca and Si. It is
clearer to see that all the elements are over produced in Fig. 7.7 and 7.8. Then we
show the case with metal loss for both η = 1/2, but without extra SN Ia rate reduction.
Similarly, the over production of Fe is clearly shown in Fig. 7.11. In the last case, we
present the results without adding the 20% CCSN in mass range (30,100) M⊙, and the
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Figure 7.1: The comparison between CCSN rate (solid line) and SN Ia rate (dashed
line) of our model. Note that the SN Ia rate here is not reduced in the satellite phase.
major effect is on Mg abundances. In Fig. 7.12, the scatter pattern of data is closer to
the upper boundary, which suggests that Mg is under produced. And [Mg/H](t) as the
solid mean curve is lower than most of the stars, shown in Fig. 7.13. More clearly in
Fig. 7.14, the peak position of MDFMg is shifted to the left by 0.2 dex compared with
the data. We notice that the absence of high mass CCSNe only has major effect on Mg.
It is because these CCSNe would produce about 10 times of the IMF averaged amount
in the entire mass range of (30-100) M⊙, as shown in Fig. 6.4. Whereas the difference
between high mass and regular CCSNe is much less for all the other elements.
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Figure 7.2: The comparison of heavy element production rate between CCSNe (solid
line) and SNe Ia (dashed line) for Mg, Ca, Si, Ti and Fe. Note that the metal loss
enhancement in the satellite phase is set as the standard case of our model.
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Figure 7.3: Comparisons of [α/Fe] vs. [Fe/H] between observations and the standard
case of our model. Data from different groups are shown as different symbols: [9]
(circle), [46] (thin diamond), [47] (square), and [48] (up triangle). Colors represent the
age information of stars. the space of center white, light grey and dark grey denotes
1σ, 2σ and 3σ confidence region respectively from simulation results. 〈[α/Fe]〉fe vs.
〈[Fe/H]〉fe, 〈[α/Fe]〉t vs. 〈[Fe/H]〉t is shown as solid and dashed line, respectively.
(see text for definitions)
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Figure 7.4: The time evolution of Mg, Ca and Fe for the entire history. The black solid
line denotes 〈[E/H]〉 as a function of time from the standard case of our model. And
the dashed lines represent 95% confidence level limit.
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Figure 7.5: left: MDFmg and MDFca from HR and MR spectroscopy [46], [9], [47] is
shown as grey histogram. Note that all the Kirby’s data presented in this paper is re-
selected by de Boer. right: MDFfe from (a) HR and MR spectroscopy [46], [9], [47] [48]
and (b) Ca II triplet line measurement [9] are shown as grey histogram. The solid
histogram represents the results from the standard case of our model.
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Figure 7.6: The same notation as Fig. 7.3. The simulation results show the case without
metal loss enhancement.
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Figure 7.7: the same notation as Fig. 7.4. The simulation results show the case without
metal loss enhancement.
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Figure 7.8: the same notation as Fig. 7.5. The simulation results show the case without
metal loss enhancement.
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Figure 7.9: The same notation as Fig. 7.3. The simulation results show the case without
SN Ia rate reduction.
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Figure 7.10: The same notation as Fig. 7.4. The simulation results show the case
without SN Ia rate reduction.
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Figure 7.11: The same notation as Fig. 7.5. The simulation results show the case
without SN Ia rate reduction.
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Figure 7.12: The same notation as Fig. 7.3. The simulation results show the case
without high mass CCSNe.
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Figure 7.13: The same notation as Fig. 7.4. The simulation results show the case
without high mass CCSNe.
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Figure 7.14: The same notation as Fig. 7.5. The simulation results show the case
without high mass CCSNe.
Chapter 8
Conclusions
Galaxy formation and evolution is entangled with variety of physics processes in vastly
different scales, which makes it one of the most challenging problems in astrophysics.
Our approach to attack the problem is to estimate the gas dynamics of the simplest
system based on the recent observed SFH, from an phenomenological point of view. The
age and elemental abundances pattern from stellar spectroscopy opens another door for
us to look into the snapshots of these small systems throughout the history. These data
can be understood by the chemical evolution model based on its gas dynamics. On
the other hand, the model gives us some insights into the understandings of the galaxy
formation history.
Guided by data on star formation, especially those reported by [8] for nearby galax-
ies, we have assumed a global SFR ψ(t) = λ∗[Mg(t)/M⊙]
α that is dependent on the
total mass Mg(t) for cold gas in the star-forming disk. We have examined three dif-
ferent cases of α = 1, 1.5, and 2, and chosen the corresponding λ∗ in agreement with
the empirical SFLs. For each case, we have used the data on Fornax’s ψ(t) provided
by [9] to derive Mg(t) and estimate the rate of net gas flow ∆F (t) to or from Fornax’s
star-forming disk. We have identified the onset of the transition in ∆F (t) from a net
inflow to a net outflow as the time tsat at which Fornax ceased evolving independently
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and became an MW satellite. We have determined the massMh(tsat) of the Fornax halo
at this time by using the median halo growth history in the model of [19] and requiring
that the corresponding density profile give the mass enclosed within the half-light radius
as derived from observations. We have further justified our chosen λ∗ by comparing the
gas mass fraction fg(t) = Mg(t)/Mh(t) at t < tsat with the results from cosmological
simulations of [20] on gas accretion by halos in a reionized universe. Finally, based on
all the above justification, we take account in the growth of star forming disk, and set
λ∗ as a time variable, which depends on the disk size. In this more realistic picture,
the gas mass at pre-satellite phase is reduced, which makes the baryonic to dark matter
ratio closer to the simulation results.
Using the results for growing disk case and the present orbital parameters of Fornax,
we have related ∆F (t) at t > tsat to its orbital motion as an MW satellite and estimated
the effects of ram pressure and tidal interaction with the MW. The Fornax halo lost
∼ 1/3 of its CDM through tidal interaction but reaccreted some of the lost CDM near
the end of its first orbital period. This reaccretion was responsible for the last episode
of significant net gas inflow. Otherwise, gas was removed from the star-forming disk as
hot gas created by SN heating escaped and was then lost from Fornax through ram-
pressure stripping and tidal interaction. This lasted a few orbital periods and eventually
terminated star formation in Fornax.
After we obtained a reasonable picture for the halo evolution and global gas dy-
namics of Fornax, we constructed the chemical evolution model on a 2D mass grid. We
change the number of gas boxes according to the change of gas amount as a function
time. And SN enrichment is implemented empirically with the key parameter as the
mixing mass Mx. First of all, we distinguish two types of SN due to their distinct explo-
sion environment and set Mx differently. Then, considering the change of the gaseous
system in the two epochs before and after tsat, we choose two sets of SN mixing mass,
respectively. In the inflow dominated pre-satellite phase, SN mixing is enhanced by the
gas turbulence in the system. Whereas in the satellite phase, the mixing mass is set as
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the normal hot bubble mass, estimated by [39]. The motivation behind the choices is
to match the scatter pattern in all [α/Fe] vs. [Fe/H] plots, as well as the metallicity
evolution history of [E/H] vs. t and the metallicity distribution MDFE for Ca, Mg and
Fe. We assess the basic model with different parameter settings, and demonstrated that
the standard case generates the closest data sample to the observations.
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Appendix A
CMD Fitting Method
The underlying principle of CMD fitting method is that SFH is derived by linear com-
bination of several simple populations, which allows a SFH derivation free from initial
assumptions. We gives a short summary on how to carry out this method (see detail
review in [49]).
A.1 Methodology
First of all, let us summarize the general routine of CMD fittings in three steps.
(i) Generating of sCMD (synthetic CMD) from a simple star formation rate Ψ(t, Z)
with time and metallicity dependence. (The simplest case is a constant distribution).
These synthetic stars are projected on age and metallicity space, constituting the vector-
basis of any arbitrary stellar populations as Ni.
(ii) A set of boxes is defined in observed CMD through Hess diagrams. stars in box
j can be written as the linear combination of N ji .
N j = ΣiαiN
j
i (A.1)
(iii) The technique used to determine the best SFH is to minimize the difference
between observed and synthetic CMDs. Specifically, the best solution as a set of αi is
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obtained by minimizing χ2.
χ2 = 2ΣjNj −Mj +Mj lnMj
Nj
, (A.2)
where Mj and Nj is the total number of stars in a observed and synthetic Hess bin,
respectively (Nj = ΣSFRi × CMDj,i in the photometric part, and Nj = ΣSFRi ×
MDFj,i in the spectroscopic part). The solution SFH can be written as
Ψ(t, Z) = Σiαiψi (A.3)
where ψi refers to model i, which takes from 1 to n×m.
A.2 SFH Uncertainties
A.2.1 Internal Errors
The internal errors of CMD fittings have two sources. The first one is data sampling,
which can be calculated assuming that the number of stars in each CMD box behaves
according to Poison statistics. Once the best solution has been found, noted as αi,
the number of stars in each grid box from observational input, are randomly modified
according to Poisson statistics. The procedure is repeated for nr times. The solution of
each time is represented as αr,i. Then
σαi =
(
Σr(αr,i − αi)2
nr − 1
)1/2
(A.4)
can be used as an estimate of the errors from data sampling.
The other major source of error is parameter sampling. It comes from the fact
that the choice of CMD griddings, age bins and metallicity bins will affect the final
SFH. Thus one can evaluate this kind of uncertainties by using different bin sizes and
distributions. Specifically, one apply three different shifts in the parameter space of age
and metallicity: a shift of half a bin size in age and in metallicity and also a shift in
both age and metallicity simultaneously. For the photometric binning two different bin
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sizes are used, with the different shifts applied to each. The SFH is determined for all
these different griddings, after which the results are returned to a common grid.
A.2.2 Observational Effects
Besides of the internal errors, another crucial aspect is the observational biases. We
want to obtain a look-up table, which can be used to accurately model the effects of
observational conditions. It is done by carrying out a large number of simulations, in
which a number of artificial stars with known brightness are placed on the observed
images. These images are then re-reduced in exactly the same way as the original
images, after which the artificial stars are recovered from the photometry. Then the
lookup-table can be generated and it can be used to assign an individual artificial star
with similar colors and magnitudes to each star in an ideal synthetic CMD.
A.3 Spectroscopic Data
The determination of SFH includes the spectroscopic data, which contributes less to
the overall goodness of fit than the photometry, but significantly restricts the possible
solutions. Thus the spectroscopic MDF serves as an extra constrain. And the photo-
metric and spectroscopic components weight differently, with the enhancement of the
latter one.
In order to include the spectroscopic MDF at the same time as the photometry, an
equivalent of a Hess diagram for [Fe/H] is used. Basically, synthetic CMDs of different
stellar populations is generated and stars are binned in metallicity. The spectroscopic
observations only come from a fraction of the RGB, which constitutes a small fraction of
stars present in the CMD. To make sure that the synthetic CMDs fully sample the RGB,
synthetic MDF populations are generated with an artificially increased initial SFR,
which is later corrected in the MDF models. The observed spectroscopic uncertainties
on the metallicities are simulated by considering each individual synthetic star to have
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a Gaussian profile with a width determined by the average observational uncertainty
on [Fe/H]. The metallicities of these individual stars are then combined to form a
synthetic MDF which takes into account observed uncertainties.
A.4 Determining Ages of Individual Stars
The determination of ages of individual stars is done in this way. For each observed
star with spectroscopic abundances we find all the stars in a synthetic CMD made with
the SFH of that galaxy, with the same magnitude in all filters and metallicity within
the observed uncertainties. The age of the observed star is set as the mean age of the
matched sample. The advantage of using the SFH results to obtain ages for individual
RGB stars is a more constrained AMR (age metallicity relation) because the age of a
single observed star information is constrained from the entire CMD. Compared with
the standard simple isochrone fitting technique, one uses a fine grid of [Fe/H], age and
[α/Fe] to obtain the age and uncertainty for an observed star. The AMR determined
using isochrone fitting has bigger age uncertainties and allows younger ages for each
star. This is because the age for simple isochrone fitting depends only on the color of
the RGB and the measured [Fe/H], which allows a wide range in ages.
Appendix B
Area conserved Quadratic Fitting
We use a smooth SFR ψ(t) from a quadratic-spline fit to the data that conserves the
total number of stars formed in each SF bin from observations, and guarantees the
continuity of ψ(t) and ψ′(t) ≡ dψ/dt. Specifically, the SFR in the ith timebin [ti−1, ti]
is given by
ψ(t) = ψ(ti−1) + pi(t− ti−1) + qi(t− ti−1)2, (B.1)
which automatically satisfies the first continuity condition. pi and qi are the coefficients
defined in this timebin. After taking the derivative of the above eq at the boundaries,
we obtain
ψ′(ti−1) = pi, ψ
′(ti) = pi + 2qi∆i, ∆i = ti − ti−1. (B.2)
Thus the coefficients can be represented as
pi = ψ
′(ti−1), qi =
ψ′(ti)− ψ′(ti−1)
2∆i
(B.3)
Following the same recipe, in the i + 1 th timebin, we assume SFR is defined as φ(t),
then
pi+1 = φ
′(ti), qi+1 =
φ′(ti+1)− φ′(ti)
2∆i+1
(B.4)
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According to the second continuity condition, φ′(ti) = ψ
′(ti). And we use the smooth
ψ(t) for the entire history, thus φ′(ti+1) = ψ
′(ti+1). The coefficients can be written as
pi+1 = ψ
′(ti), qi+1 =
ψ′(ti+1)− ψ′(ti)
2∆i+1
(B.5)
Similarly, the coefficients in each timebin can be described with the first derivatives of
SFR in that bin. Now, we convert the problem to solving the equations of ψ′(ti), which
have n+ 1 unknowns. The conservation of area in this timebin requires
ψ¯i∆i =
∫ ti
ti−1
ψ(t)dt
= ψ(ti−1)∆i +
1
2
pi∆
2
i +
1
3
qi∆
3
i , (B.6)
where ψ¯i and ∆i come from the data. Simplify the above equation gives
ψ¯i = ψ(ti−1) +
1
2
pi∆i +
1
3
qi∆
2
i , (B.7)
where
ψ(ti−1) = ψ(ti)− pi∆i − qi∆2i (B.8)
from Eq. (A1), thus Eq. (A5) can be rewritten as
ψ¯i = ψ(ti)− 1
2
pi∆i − 2
3
qi∆
2
i , (B.9)
We can also write the similar equation for the i+ 1 th bin
¯ψi+1 = ψ(ti) +
1
2
pi+1∆i+1 +
1
3
qi+1∆
2
i+1. (B.10)
Subtracting Eq. (A8) from Eq. (A9) gives
ψ¯i+1 − ψ¯i = 1
2
(pi+1∆i+1 + pi∆i) +
1
3
(qi+1∆
2
i+1 + 2qi∆
2
i ) (B.11)
Substitute pi, qi in the above equation,
ψ¯i+1 − ψ¯i = 1
2
(ψ′(ti)∆i+1 + ψ
′(ti−1)∆i) +
1
3
(
ψ′(ti+1)− ψ′(ti)
2∆i+1
∆2i+1 +
ψ′(ti)− ψ′(ti−1)
∆i
∆2i
)
=
∆i
6
ψ′(ti−1) +
∆i +∆i+1
3
ψ′(ti) +
∆i+1
6
ψ′(ti+1) (B.12)
There are n− 1 equations as Eq. (A11) And we set ψ′(t0) = ψ′(tn) = 0, which give us
n+ 1 equations in total.
Appendix C
Cosmology
C.1 Friedmann Equation
According to Friedmann equation, the scale factor a is determined by
1
a
da
dt
= H =
√
8πGρcr(z)
3
, ρcr(z) = ρcr(0)
[
Ωm
a3
+ΩΛ
]
(C.1)
is the critical density at redshift z, ρcr(0) = 3H
2
0/8πG is the critical density at present.
H0 = 100hkms
−1Mpc−1 is the Hubble constant. In this paper, we adopt h = 0.69,
Ωm = 0.29 (ΩCDM = 0.243, Ωb = 0.047), and ΩΛ = 0.71. In calculating the halo
growth history, we use a primodial power spectrum with a spectral index ns = 0.96 and
the transfer function with a present temperature of 2.726K for the cosmic microwave
background to obtain the linear power spectrum, the amplitude of which is fixed by
σ8 = 0.82. And redshift z is defined as
1 + z =
1
a
, (C.2)
The conversion between z and t is done in the following way,
da
dt
= aH
t =
∫ t
0
dt =
∫ a(t)
a(0)
da
aH
=
1
H0
∫ a(t)
a(0)
da√
Ωm
a +ΩΛa
2
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The integral is dimensionless, we need to convert the unit of 1/H0 into Gyr.
1
km · s−1Mpc−1 =
Mpc
km
s =
3.085 × 1019
3600 × 24× 365Gyr = 978Gyr (C.3)
C.2 Paramters of Dark Matter Halo
Define rvir as the radius of a spherical volume within which the mean density is ∆c
times the critical density at that redshift, thus
Mh =
4π
3
r3virρcr(z)∆c, (C.4)
where ∆c is taken from the solution to the collapse of a spherical top-hat perturbation
through fitting method,
∆c = 18π
2 + 82(Ωz − 1)− 39(Ωz − 1)2, Ωz ≡ ρm
ρcr
=
Ωm(1 + z)
3
Ωm(1 + z)3 +ΩΛ
(C.5)
The mass distribution of a halo can be described approximately by the Navarro-Frenk-
White (NFW) density profile
ρ(r) =
ρ0
(r/rs)[1 + (r/rs)]2
(C.6)
Thus the dark matter within radius r can be calculated by
M(r) =
∫ r
0
4πr2ρ(r)dr
= 4πρ0r
3
s
∫ x
0
dx
x(1 + x)2
, x =
r
rs
= 4πρ0r
3
sf(x), f(x) = ln(1 + x) +
x
1 + x
(C.7)
Thus the total mass of a dark matter halo is
Mh = 4πρ0r
3
sf(c), (C.8)
where c ≡ rvir/rs is defined as the concentration parameter for that halo. The dark
matter mass within half light radius r1/2 is
M1/2 = 4πρ0r
3
sf(r/rs)
= Mh
f(cr1/2/rvir)
f(c)
(C.9)
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From Eq. (B.4), rvir can be calculated as
rvir =
(
3
4π
)1/3
M
1/3
h ∆
−1/3
c ρ
−1/3
cr (z), (C.10)
where ρcr(z) is obtained from Eq. (B5)
ρcr(z) =
ρm(z)
Ωz
=
ρcr,0Ωm(1 + z)
3
Ωz
, ρcr,0 =
3H20
8πG
= 128M⊙/kpc
3. (C.11)
Thus
rvir = C
(
M
108h−1M⊙
)1/3(Ωm
Ωz
∆c
18π2
)−1/3(1 + z
10
)−1
h−1kpc, (C.12)
where the coefficent C is calculated as
C =
(
3
4π
)1/3
(108h−1)1/3(18π2)−1/3 · 0.1 · h · ρ−1/3cr,0 = 0.79 (C.13)
Its circular velocity is
vcirc =
√
GMh
rvir
= 23.7
(
Mh
108h−1
)1/3(Ωm
Ωz
∆c
18π2
)1/6(1 + z
10
)1/2
km/s−1 (C.14)
and its virial temperature is
Tvir =
µmpv
2
circ
2k
= 3.35× 104µ
(
Mh
108h−1
)2/3 (Ωm
Ωz
∆c
18π2
)1/3(1 + z
10
)
K (C.15)
where µ is the mean molecular weight of gas molecule, and mp is the proton mass. The
value of µ depends on the ionization fraction of the gas; The primordial mass fractions
of protons and 4He is 0.75 and 0.25, thus µ = 1/(0.75/mp + 0.25/4mp)/mp = 1.23 for
neutral primordial gas, µ = 1/(2 · 0.75/mp +3 · 0.25/4mp)/mp = 0.59 for a fully ionized
primodial gas, and µ = 1/(2 · 0.75/mp +2 · 0.25/4mp)/mp = 0.62 for a gas with ionized
hydrogen but only singly-ionized helium. We take µ = 1.23 for Tvir < 1.5 × 104 K and
µ = 0.59 for Tvir ≤ 1.5× 104 K.
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C.3 Formation of Galactic Discs
C.3.1 Singular Isothermal Sphere
In singular isothermal sphere model, the system is in hydrostatic equilibrium with con-
stant temperature, and the thermal pressure support balances gravitational potential.
dp
dr
= −ρdφ
dr
, (C.16)
where p = ρσ2, and σ2 = kT/m is independent of radius. Integrating C.16 on both
sides gives ∫
dρ
ρ
= −
∫
dφ
σ2
, (C.17)
thus
ρ = ρcexp
(
− φ
σ2
)
, φ = −σ2 ln
(
ρ
ρc
)
(C.18)
Inserting C.18 in the Poisson’s equation ∇2φ = 4πGρ, we get
1
r2
d
dr
(
r2
d
dr
(ln ρ)
)
= −4πGρ
σ2
(C.19)
Supposing ρ(r) = ηr−α, we can solve the above differential equation as
ρ(r) =
σ2
2πGr2
(C.20)
The limiting radius of a DMH is defined to the radius r200 at which the mean mass
density is 200ρcrit. Thus
r200 =
σ
10H(z)
, Mh =
σ2r200
G
=
σ3
10GH(z)
(C.21)
Mao et al [25] assume that the disc mass fraction is fixed as md, thus the disc mass is
Md =
mdσ
3
10GH(z)
(C.22)
They also assume that the disc has exponential surface density profiles,
Σ(r) = Σ0exp(−r/rd) (C.23)
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And the disk radius and central surface density is defined as
Md = 2πΣ0r
2
d (C.24)
They assume that the angular momentum of the disc is a fraction of jd of that of the
halo
Jd = jdJ (C.25)
where J is the total angular momentum and it can be characterized by the spin param-
eter λ of a halo
λ = J |E|1/2G−1M−5/2 (C.26)
Jd = 2π
∫
σΣ(r)r2dr = 4πΣ0σr
3
d = 2Mdrdσ (C.27)
Thus the disc size can be interpreted as
rd =
λGM3/2
2σ|E|1/2
(
jd
md
)
(C.28)
For a specific halo with fixed λ, md and jd, the disc size scales as the viral radius.
C.3.2 NFW Profile
In the NFW profile, we follow the same approach to calculate the disc size.
Jd =
∫ r200
0
Vc(r)rΣ(r)2πRdr =MdrdV200
∫ r200/rd
0
e−uu2
Vc(rdu)
V200
du (C.29)
r
d
=
1√
2
(
jd
md
)
λrhf
−1/2
c fR(λ, c,md, jd) (C.30)
where
fR(λ, c,md, jd) = 2
[∫ ∞
0
e−uu2
Vc(rdu)
V200
du
]−1
(C.31)
98
C.4 Collapse Time for a Molecular Cloud
We assume that the molecular cloud has constant density ρ0. Initially, the sphere is at
rest and has radius of r0. During the collapsing, we also assume that the cloud does not
suffer from the pressure from inside, thus
d2r
dt2
= −GM
r2
, (C.32)
where M =
4piρ0r30
3 , since the total mass of the cloud is covserved. Then the above
equation gives us
d2r
dt2
= −4πGρ0r
3
0
r2
. (C.33)
As from some mathmatical trick, we know that
d
dt
[(
dr
dt
)2]
= 2
dr
dt
d2r
dt2
(C.34)
After plugging it back into Eq. (C.33), we obtain
2
dr
dt
d2r
dt2
= −dr
dt
8πGρ0r
3
0
3r2
. (C.35)
Then, we integrate both sides by dt and get(
dr
dt
)2 ∣∣∣∣
r
r0
=
8πGρ0r
3
0
3
1
r
∣∣∣∣
r
r0
(C.36)
which is
d(r/r0)
dt
= −
(
8πGρ0
3
)1/2 (r0
r
− 1
)1/2
(C.37)
Let us set r/r0 = cos
2 β, thus the above equation can be rewritten as
2 cos β sin β
dβ
dt
=
(
8πGρ0
3
)1/2 sin β
cos β
(C.38)
Integrating the above equation from t=0 to tff , which coresponds to β = 0 to π/2
β +
1
2
sin(2β)
∣∣∣∣
pi/2
0
=
(
8πGρ0
3
)1/2
t
∣∣∣∣
tff
0
(C.39)
Thus, we get the solution:
tff =
(
3π
32Gρ0
)1/2
(C.40)
Appendix D
Roche Lobe Radius of Satellite
Galaxy
D.1 Ellipse in Polar Coordinates
Let’s assume that F1 is at the origin and F2 is on the positive axis at the point (2c, 0).
Then r is the polar vector to the point P .
|PF1|+ |PF2| = 2a
|r|+ |r − 2ci| = 2a
(r − 2a)2 = (r cos θ − 2c)2 + (r sin θ)2
r2 − 4ar + 4a2 = r2 cos2 θ − 4rc cos θ + 4c2 + r2 sin2 θ
−ar + rc cos θ = −a2 + c2
r =
a2 − c2
a− c cos θ =
a(1− e2)
1− e cos θ , e =
c
a
or
1
r
=
1
a
1− e cos θ
1− e2 (D.1)
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θ = 0, Ra = a(1 + e), apogalacticon,
θ = π,Rp = a(1− e), prigalacticon.
D.2 Equation of Orbit
Energy and angular momentum are conserved under the central force,
E =
1
2
mR˙2 +
l2
2mR2
− k
R
, k = GMm
l = mR2
dθ
dt
, dt =
mR2
l
dθ
Thus we can get
dR
dt
=
[
2
m
(
E +
k
R
− l
2
2mR2
)]1/2
dθ =
l
mR2
dR[
2
m
(
E + kR − l
2
2mR2
)]1/2
Integrate on both sides, we obtain
θ = θ0 +
∫ R
R0
dR
R2
[
2mE
l2
+ 2mk
l2R
− 1
R2
]1/2
Now let’s define u = 1/R, thus dR = −R2du,
θ = θ0 −
∫ u
u0
du(
2mE
l2
+ 2mk
l2
u− u2)1/2
Let’s define the denominator in the integral as I1/2, thus
I =
2mE
l2
+
2mk
l2
u− u2
= −(u− mk
l2
)2 +
m2k2
l4
+
2mE
l2
= α2
[
1− (u−mk/l
2)2
α2
]
, α2 =
m2k2
l4
+
2mE
l2
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We set cos t = u−mk/l
2
α , du = −α sin θdt, thus I = α2 sin2 t,
θ = θ0 + arccos
(
u−mk/l2
α
)
cos(θ − θ0) = u−mk/l
2
α
1
R
=
mk
l2
[
1 +
α
mk/l2
cos(θ − θ0)
]
We define e = α
mk/l2
, thus
a(1− e2) = l
2
mk
, e2 =
α2
m2k2/l4
= 1 +
2El2
mk2
which gives,
e =
√
1 +
2El2
mk2
, a = − k
2E
(D.2)
D.3 Roch Lobe Radius
R is the distance of the cluster from the galactic center, andm is the mass of the cluster.
The acceleration of the cluster with respect to the galactic center is
d2R
d2t
= Rω2 − dV
dR
, (D.3)
The acceleration of the star at the same moment is
d2Rs
d2t
= Rsω
2 −
(
dV
dR
)
Rs
− Gm(Rs −R)|Rs −R|3 ,
d2(Rs −R)
d2t
= (Rs −R)ω2 −
(
dV
dR
)
Rs
+
(
dV
dR
)
R
− Gm(Rs −R)|Rs −R|3
≃
(
ω2 − d
2V
d2R
− Gm|Rs −R|3
)
(Rs −R)
the RHS is the roche lobe radius of this system. It reaches zero when
r3RS = (Rs −R)3 =
Gm
ω2 − d2V/d2R. (D.4)
We use M to represent the gas mass of the galaxy, thus
d2V
d2R
= −2GM
R3
(D.5)
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The cluster’s orbit about the galactic center will be an ellipse, with the angular veloc-
ity at any point can be obtained from the followings. The 2nd Kepler’s Law, or the
conservation of angular momentum gives
l = mR2ω (D.6)
And the energy E is also conserved,
E =
1
2
mR˙2 +
l2
2mR2
− k
R
, k = GMm. (D.7)
The semimajor axis is one-half the sum of the two apsidal distances R1 and R2. By
definition, the radial velocity is zero at these points, and the conservation of energy
implies that the apsidal distances are therefore the roots of the equation
E − l
2
2mR2
+
k
R
= 0 (D.8)
a =
R1 +R2
2
= − k
2E
(D.9)
The eccentricity of the orbit can be represented as
e =
√
1 +
2El2
mk2
=
√
1− l
2
mka
l2
mk
= a(1− e2)
m2R4ω2
mk
= a(1− e2), k = GMm
ω2 =
GMa(1 − e2)
R4
Using this result in Eq. (2), then we get the roche lobe radius at perigalacticon Rp =
(1− e)a and apogalacticon Ra = (1 + e)a, respectively.
rRS(Rp) = Rp
[
m
M(3 + e)
]1/3
, rRS(Ra) = Rp
[
m
M(3− e)
]1/3
. (D.10)
